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Preface

This volume contains the proceedings of the 4rthInternational Workshop for Computational
Creativity, Concept Invention, and General Intelligence held in conjunction with UNILOG
2015 in Istanbul, Turkey.
Continuing the tradition of previous editions, the aim of this workshop is to bring together
researchers from different fields of AI working on computational models for creativity,
concept formation, concept discovery, idea generation, and their overall relation and role
to general intelligence as well as researchers focusing on application areas, like computeraided innovation.
In addition, by collocating C3GI with UNILOG 2015 we hope to reach out to the assembled
logic and philosophy communities, to make their members join the discussions—providing
new perspectives and enriching the ongoing discourse in the field—and to establish long
lasting links and collaborations.
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Conceptual Blending as a creative meta-generator
of mathematical concepts: Prime Ideals and
Dedekind Domains as a Blend
Danny Gomez-Ramirez
Institute of Cognitive Sciences
University of Osnabrück
dagomezramir@uni-osnabrueck.de

Abstract. Conceptual blending is presented as a meta-generator of mathematical concepts, by means of showing, among others, the following examples: The conceptual space of prime ideals over containtment-division
rings is explicitly presented, by means of an implementation in HETS, as a
blend (colimit) of the conceptual space of ideals over a commutative ring
with unity and the one of prime numbers over a set with a "product" operation with neutral element. Besides, a new equivalent form of being a
Dedekind domain is presented allowing to express the conceptual space of
prime ideals over a Dedekind domain as a blend of the space of ideals over
a Noetherian ring and the one of prime numbers as before.
Keywords: prime ideals, blend, colimit, Dedekind domain, containmentdivision ring

Introduction
In past years, conceptual blending (see Fauconnier and Turner [6]) has grown in
importance in mathematical and logical domains. This cognitive process can be
understood as kind of mind’s natural way of combining two concepts identifying
certain commonalities between them and finally, "blending" them in such a way
that a new emergent meaning appears.
The following fundamental notions (blends) are examples of the growing
prominence of blending: the integer, rational and real numbers; the Grothendieck
group (in general, the algebraic as well as the topological K-theory) and the notions of generic points and motives in algebraic geometry, among others [1].
A more formal approach to concept blending given in terms of colimits in the
theory of categories ([8], [9] and [10]), has allowed for the reconstruction of
the set of the complex numbers as a blend [12]. Furthermore, by identifying the
notion of colimit with the one of pushout, one can reconstruct typical notions
of modern algebra like finite dimensional vector spaces or tensor products of
algebras as blends.
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Moreover, the concepts of prime ideals and containment-division rings (CDRs) can be also seen as blends [7]. In this paper, we present a complete implementation in HETS [15] of the notion of a prime ideal over a CDR as a blend
of the notion of an ideal over a commutative ring with unity and the one of a
prime number over a more general algebraic structure as the one of the integers
with the product as roughly indicated in [7].
In [7] we present the concept of a prime ideal of a commutative ring with
unity ([11] and [5]) as a sort of partial (or weaken) colimit (i.e. a colimit considering some axioms of the input theories) between the concepts of an ideal of
a commutative ring with unity (enriched with the collection of all the ideals of
the corresponding ring) and the concept of a prime number of the integers.
In order to obtain the desired conceptual space the authors in [7] consider a
more general version of the prime numbers, namely, a monoid (Z, ∗, 1) with an
"special" divisibility relation �. Besides, the generic space would capture just the
syntactic correspondences to be identified in the blending space. This is because,
the blend, as a colimit, is essentially the union of the collections of axioms given
on each space, but doing at the same time the corresponding syntactic identifications.
By slightly modifying the input conceptual spaces, we obtain, in this paper,
one of the most fundamental concepts of algebraic number theory, i.e., the one
of Dedekind domain [4, Theorem 37.1], (together with the collection of ideals
and prime ideals) as a blend of the concepts of noetherian domains (with the
set of ideals and prime ideals) and again a version of the prime numbers in
a very elementary form of the integers, but adding the explicit axiom defining
the upside-down divisibility relation (see the implementation in section 1). In
fact, we present a new equivalent form of Dedekind domains (see §2) based on
a containment-division condition, which suggests a new class of commutative
rings called containment-division rings (CDR) which are shortly mentioned in
[7].
It is worthwhile to mention that the concept of an ideal was discovered by
Dededind, after studing the work of Kummer on "ideal numbers" on cyclotomic
fields, in order to find a more general ("ideal") entity, generalizing the notion of
a number, such that the unique factorization theorem could hold over this new
entities on a suitable commutative ring.

1

Implementation for prime ideals over CDR-s as a blend

Firstly, let us define the following class of commutative rings with unity.
Definition 1. A commutative ring with unity R is a containment-division ring
(CDR) if for any two ideals I, J ⊆, it holds that I ⊆ J if and only if J divides I as
ideals, i.e., there exists an ideal D such that I = D ∗ ∗J (for the formal definitions
of ideals and products of ideals see the corresponding axioms in the implementation
below).

Conceptual Blending as a creative meta-generator of mathematical concepts
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On this section, we reconstruct the conceptual space of prime ideals of a CDR
as a blend (colimit in HETS) of the conceptual space of ideals of a commutative
ring with unity and the conceptual space of prime elements of a very general
version of the integers.
It is also important to note that for this implementation we looked for a
minimal set of axioms such that the semantic interpretation can be uniquely
determined. It is always possible to construct an implementation with additional
axioms given by properties that could be logically derived from the main axioms,
(e.g. the set theoretical properties of the containment relation for subsets of a
set) but these properties are secondary ones. Meanwhile, the essential ones are
those that define the arithmetic of the ring, of an ideal and of the set of ideals of
the ring.
logic CASL
%%PRIME IDEAS OVER CDR-s AS A BLEND

spec IdealsOfRing =
sort RingElt
%% sort of Ring Elements
sort SubSetOfRing
%% sort of parts of this ring
pred IsIdeal : SubSetOfRing %% when a subset is an ideal
op 0 : RingElt
op 1 : RingElt
op __*__ : RingElt * RingElt -> RingElt
op __+__ : RingElt * RingElt -> RingElt
pred __isIn__ : RingElt * SubSetOfRing
sort Ideal = { I : SubSetOfRing . IsIdeal(I) }
op R : Ideal
%% the Ring as an ideal
op
__ ** __: Ideal * Ideal -> Ideal, unit R
%%Definition of the predicate of containtment
pred __issubsetOf__ : Ideal * Ideal
forall A,B : Ideal
. A issubsetOf B <=> forall a: RingElt. a isIn A => a isIn B
%% axiomatization of a commutative Ring with unity
forall
forall
. (x +
forall
forall
forall

x : RingElt; y : RingElt . x + y = y + x
x : RingElt; y : RingElt; z : RingElt
y) + z = x + (y + z)
x : RingElt . x + 0 = x /\ 0 + x = x
x : RingElt . exists x’ : RingElt . x’ + x = 0
x : RingElt; y : RingElt . x * y = y * x
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forall
. (x *
forall
forall
forall

x : RingElt; y : RingElt; z : RingElt
y) * z = x * (y * z)
x : RingElt . x * 1 = x /\ 1 * x = x
x, y, z : RingElt . (x + y) * z = (x * z) + (y * z)
x, y, z : RingElt . z * (x + y) = (z * x) + (z * y)

%%axioms for Ideal
forall I: SubSetOfRing. IsIdeal(I) <=>
( forall a,b,c : RingElt
.( (a isIn I => a isIn R)
/\ 0 isIn I)
/\ (a isIn I /\ c isIn R => (c * a) isIn I)
/\ (a isIn I /\ b isIn I /\ c isIn R
/\ b + c = 0 => a + c isIn I ))

%% Definition of the product of ideals without subindexes
forall A,B: Ideal
. forall a,b: RingElt. (a isIn A /\ b isIn B) => a*b isIn A**B
. forall D: Ideal. (forall a,b: RingElt
. (a isIn A /\ b isIn B) => a*b isIn D)
=> A**B issubsetOf D
end
%%%axioms defining a very simple version of the integers,
%%%considered with an operation * with neutral element,
%%% a binary relation || (upside-down divisibility relation)
%%% and a primality axiom.
spec SimpleInt=
sort SimpleElem
ops 1: SimpleElem
__ x __: SimpleElem * SimpleElem -> SimpleElem, unit 1
preds __ || __: SimpleElem * SimpleElem
IsPrime : SimpleElem
%Def_upsidedownDivisilityRelation%
forall x,y: SimpleElem
. x || y <=> (exists c: SimpleElem. x = y x c)

%% subsort of primes
sort SimplePrime = { p : SimpleElem . IsPrime(p) }

Conceptual Blending as a creative meta-generator of mathematical concepts

forall p:SimpleElem .
IsPrime(p) <=>
(forall a,b: SimpleElem
. a x b || p => a || p \/ b || p
/\ not (p = 1))
end
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%Def_primality%

%%% Generic space
spec Gen=
sort Generic
ops S: Generic
__ gpr __: Generic * Generic -> Generic, unit S
pred gcont: Generic * Generic
end
view I1: Gen to IdealsOfRing =
Generic |-> Ideal, S |-> R,
__ gpr __ |-> __ ** __, gcont |-> __issubsetOf__
view I2: Gen to SimpleInt =
Generic |-> SimpleElem, S |-> 1,
__ gpr __ |-> __ x __, gcont |-> __ || __
spec Colimit = combine I1, I2
Now, seeing "RingElt" as the sort containing the elements of the ring S, one can
obtain, by computing the blend in HETS (as a colimit), the (blend) theory corresponding to the axioms defining a CDR, denoted by S; the set of all its ideals,
denoted by Generic; the set of all its prime ideals, denoted by SimplePrime; and
a primality predicate, denoted by IsPrime:
logic CASL.SulFOL=
sorts Generic, RingElt, SimplePrime, SubSetOfRing
sorts SimplePrime < Generic; Generic < SubSetOfRing
op 0 : RingElt
op 1 : RingElt
op S : Generic
op __*__ : RingElt * RingElt -> RingElt
op __+__ : RingElt * RingElt -> RingElt
op __x__ : Generic * Generic -> Generic
pred IsIdeal : SubSetOfRing
pred IsPrime : Generic
pred __isIn__ : RingElt * SubSetOfRing
pred gcont : Generic * Generic
forall I : SubSetOfRing . I in Generic <=> IsIdeal(I)
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%(Ax1)%
forall x : Generic . x x S = x %(ga_right_unit___**__)%
forall x : Generic . S x x = x %(ga_left_unit___**__)%
forall A, B : Generic
. gcont(A, B) <=> forall a : RingElt . a isIn A => a isIn B
%(Ax4)%
forall x, y : RingElt . x + y = y + x %(Ax5)%
forall x, y, z : RingElt . (x + y) + z = x + (y + z)%(Ax6)%
forall x : RingElt . x + 0 = x /\ 0 + x = x %(Ax7)%
forall x : RingElt . exists x’ : RingElt . x’ + x = 0%(Ax8)%
forall x, y : RingElt . x * y = y * x %(Ax9)%
forall x, y, z : RingElt . (x * y) * z = x * (y * z)%(Ax10)%
forall x : RingElt . x * 1 = x /\ 1 * x = x %(Ax11)%
forall x, y, z : RingElt
. (x + y) * z = (x * z) + (y * z) %(Ax12)%
forall x, y, z : RingElt
. z * (x + y) = (z * x) + (z * y) %(Ax13)%
forall I : SubSetOfRing
. IsIdeal(I)
<=> forall a, b, c : RingElt
. ((a isIn I => a isIn S) /\ 0 isIn I)
/\ (a isIn I /\ c isIn S => c * a isIn I)
/\ (a isIn I /\ b isIn I /\
c isIn S /\ b + c = 0 => a + c isIn I)
%(Ax14)%
forall a : RingElt; A : Generic
. a generates A
<=> forall c : RingElt
. c isIn A => exists d : RingElt . c = a * d
forall A, B : Generic; a, b : RingElt
. a isIn A /\ b isIn B => a * b isIn A x B
forall A, B, D : Generic
. (forall a, b : RingElt

%(Ax16)%

%(Ax17)%

Conceptual Blending as a creative meta-generator of mathematical concepts
. a isIn A /\ b isIn B => a * b isIn D)
=> gcont(A x B, D)
forall x, y : Generic
. gcont(x, y) <=> exists c : Generic . x = y x c
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%(Ax18)%

%(Ax3)%

forall p : Generic . p in SimplePrime <=> IsPrime(p)
%(Ax4_19)%
forall p : Generic
. IsPrime(p)
<=> (forall a, b : Generic
. gcont(a x b, p) => gcont(a, p) \/ gcont(b, p))
/\ not p = S
%(Ax5_20)%

It is worthwhile to mention that the definition of CDR-s was obtained after computing this implementation and observing that the condition given by
(Ax3) of the former implementation express, after computing the blending, a
new non-expected condition, which is exactly the one used in the definition of a
CDR. Therefore, it could be seen as a form of "creative" result coming from the
blending process.

2

Prime ideals over Dedekind noetherian domains as a blend

The containment-division condition is very close related to the one defining a
Dedekind domain, i.e., an integral domain such that every proper ideal can be
written as a finite product of ideals [4, Theorem 37.1 and 37.8]. Effectively, if
we add the property of being Noetherian [5], then both notions are equivalents:
Theorem 1. Let R be an integral domain, i.e., a commutative ring with unity
without zero divisors. Then the following two conditions are equivalent:
1. R is a dedekind domain.
2. R is a noetherian CDR.
Proof. 1 ⇒ 2.
Every Dedekind domain is Noetherian [4, Theorem 37.1]. Besides, the CDR
condition is a well-known property of Dedekind domains (see for example [16,
Fundamental Theorem of OAK-s]. In fact, for any ideals I, J ∈ Id(R), if I ⊆ J,
then by the unique factorization theorem for ideals in R [4, Theorem 37.11] and
by considering the localizations on the prime ideals appearing on their factorizations one sees immediately that J divides I.
2 ⇒ 1.
Let I be an proper ideal of R. If I is prime, then clearly we can express I
as the product of one prime ideal. If not, let P1 be a prime ideal of R such that
I ⊆ P1 . Then, due to the fact that R is a CDR, a proper ideal Q1 such that
I = Q1 P1 exists. Now, if Q1 is a prime ideal, then we can clearly express I as a
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product of two ideals. Otherwise, let us choose again a prime ideal P2 containing
Q1 . So, analogously there is another proper ideal Q2 such that Q1 = Q2 P2 . If Q2
is prime, then we can express I = Q2 P2 P1 as a finite product of prime ideals.
Otherwise, we continue inductively in the same fashion. If after finitely many
steps some Qr is prime, then we can write I as a finite product of prime ideals.
In another case, we obtain an ascending chain of ideals
Q1 ⊆ Q2 ⊆ Q3 ⊆ · · · ⊆ Qn ⊆ · · ·
Now, since R is Noetherian, this sequence is stationary (i.e., there exists some
m ∈ N such that for all i ≥ m, Qi = Qm [2, Proposition 6.2]). Furthermore,
Qm = Qm+1 Pm+1 = Qm Pm+1 and so Qm = Qim Pm+1 ⊆ Qim , for all i ∈ N.
Therefore, I and Qm are contained in the intersection of all the powers of Qm ,
∩i≥1 Qim , which is the zero ideal due to Krull’s Intersection Theorem [5, Corollary
5.4]. In conclusion, I = (0), which is in our case a prime ideal. So, R is a
Dedekind domain.
As an immediate corollary of this theorem, we see that in the setting of
noetherian domains the concept of a CDR is equivalent to the one of a Dedekind
domain.
Remark 1. On the other hand, if R is not a Dedekind domain, but for example
a unique factorization domain (UFD), then R is not, in general, a CDR. For
example, when R = Z[T ], one can check that the ideals X = (2) and Y = (2, T )
gives a counterexample.
It suggests that in the setting of commutative rings with unity, the class of
CDR-s is an intermediate new class of rings.
Now, let us consider as our first conceptual space the space of the implementation called "IdealOfRing" with the extra condition of being a notherian domain,
i.e.,
(∀a, b ∈ R)(ab = 0 → a = 0 ∨ b = 0),

and the noetherian property:

Definition 2. A commutative ring with unity R is noetherian, if for any ideal A
in R, there exists a1 , · · · an ∈ A such that every element a can be written as a
linear combination of these elements: there exists b1 , · · · , bn ∈ R such that a =
b1 a ! + · · · + b n a n .
On the other hand, let us consider as second conceptual space, the space of the
implementation called "SimpleInt". In particular, we include the axiom defining
the upside-down divisibility relation:
(∀a, b ∈ Z)(a�b ↔ (∃c ∈ Z)(a = cb)).

Furthermore, let us choose the same generic space and blend morphisms as
in the example of "Prime ideals as blends" presented in [7].

Conceptual Blending as a creative meta-generator of mathematical concepts
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Then, if we do the (total) blend of the corresponding spaces, we obtain the
former blend space of the implementation (commutative ring with unity, its set
of ideals and prime ideals and a predicate for the prime ideals) plus the stronger
condition for the ring S of being a Noetherian domain. Now, when we translate
the corresponding version of the former (upside-down divisibility) axiom we
obtain
(∀a, b ∈ G)(a ⊆ b) ↔ (∃c ∈ G)(a = c ·ι b),

where G denotes the set (sort) of ideals of R (see the sort "Generic" in the
implementation).
Now, this condition means exactly being a CDR, as in the axiom 3 of the
blend space in the implementation.
Therefore, by Theorem 1, we obtain as blend the conceptual space of a
Dedekind domain with its collection of ideals and prime ideals and a primality predicate.
It is worthwhile to mention that the concept of an ideal was firstly discovered
by Dededind, after studying the work of E. Kummer about "ideal numbers", in
order to find a more general ("ideal") entity, generalizing the notion of an integer
number, such that the unique factorization theorem on the integers (i.e., the
fundamental theorem of arithmetic) could hold over this new "ideal" objects
within a suitable number field [3] and [14]. Subsequently, Dedekind domains
were defined as the canonical "suitable" rings allowing an unique factorization
theorem for ideals.
Finally, one could say that the original invention of Dedekind domains had
as main motivating source a metaphorical quest for extending the unique factorization properties coming from the integers.
On the other hand, we recover here again (an equivalent version of) the
notion of Dedekind domain (equipped with ideals and prime ideals) just using
collections of axioms defining quite more general arithmetical standard properties, not only in the case of the definition of ideals (whose properties are basically the properties defining an abelian group adding an absorption property for
the product), but also a very more general concept than the one given by the
monoid (Z, ·, 1) of the integers with the product operation, such that one cannot
even derived from these axioms (see the concept "SimpleInt" in the former implementation) the existence of a finite factorization of elements of this structure
in terms of the corresponding "prime" elements (see "SimplePrime").
So, the way of re-discovering the notion of a Dedekind domain presented
here seems to offer new conceptual sources.

3

Conclusions

Mathematics had evolved as one of the fundamental structural languages use to
describe the laws of our physical world. In fact, one could say that almost any
modern technological device or tool was born and is based on an specific mathematical framework (e.g. computers, GPS technology, robots, etc...). It implies
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that the way in which we develop and discover mathematics has necessarily a
cognitive component. This perspective was developed in a monist way by Lakoff
and Núñes [13].
On the other hand, the presented examples suggest that (the "colimit" approach to) conceptual blending can be seen as a cognitive and universal metamathematical procedure, which can be seen as a "meta-generator" of mathematical definitions, which is, omnipresent among most important mathematical
fields.
Finally, this contribution is aimed to give new insights in order to understand
better how human-level creativity works in the specific field of pure mathematics.
Acknowledgments. The author would like to thank Alan Smaill and Felix Bou
for the help in order to codifying the former implementation. Also, he wishes to
thank Ulrich Von der Ohe, Terese Rutkowski and all the members of the COINVENT project.
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Abstract. Image schemas are recognised as a fundamental ingredient
in human cognition and creative thought. They have been studied extensively in areas such as cognitive linguistics. However, the very notion
of image schemas is still ill-defined, with varying terminology and definitions throughout the literature. For the purpose of formalising image
schemas in order to exploit their role in computational creative systems,
we here study the viability of the idea to formalise image schemas as
graphs of interlinked theories. We discuss in particular a selection of image schemas related to the notion of ‘path’ and show how they can be
mapped to a formalised family of micro theories reflecting the diﬀerent
aspects of path following.
Keywords: concept invention, image schemas, computational creativity

1

Introduction

The cognitive processes for concept invention are still largely unexplored ground.
One of the theories trying to explain concept generation follows from the embodied mind theory [1, 2], i.e. the idea that our conceptual world is derived from
our bodily experiences and interactions with the environment. Following this
reasoning the theory of image schemas emerged as a possible explanation for
concept formation and conceptual understanding.
The theory of image schemas was jointly developed by Lakoﬀ [3] and Johnson
[4]. It proposes that human cognition is grounded in our bodily experience with
our environment, and that this embodied experience is at the heart of how we
structure our concepts, even the most abstract ones.
According to Johnson [4], “an image schema is a recurring dynamic pattern of
our perceptual interaction and motor programs that gives coherence and structure
to our experience.”
Following this definition, image schemas oﬀer a connection between the relationships of physical objects in time and space and the conceptual world. This
indicates that a formal approach to image schemas could come to aid the development of artificial intelligence and computational concept invention.
However, the current state of image schema research makes formal approaches
challenging. There is a lot of incoherence regarding the terminology concerning image schemas: the borders between diﬀerent image schemas are vague and

overlapping; it is also unclear where to draw the line regarding what spatial
relationships should be called image-schematic (cf. image schema concepts In
and Out, with directional concepts such as left and right). While the current
research in cognitive linguistics [5] and developmental psychology [6] provides
some first steps towards a more unified terminology, the identification of these
abstract patterns has been established to be diﬃcult.
In previous formal approaches to image schemas (e.g. [7–9]) a valuable portfolio of approaches can be found to build on further. However, more attention
still needs to be paid to building a more unified terminology integrating the
formal and cognitive-linguistic approaches found in the literature [10], whilst
allowing a more systematic formalisation strategy.
Our principle claim in this paper is that the ‘Gestalt’ idea of image schemas
should be analysed as family-resemblance, and furthermore that the formal analysis of this ‘family-resemblance’ should provide a set (i.e. a family) of interlinked
theories (in the weakest case, a set of theories ordered by logical entailment, giving rise to a lattice), each of which covering a particular conceptual-cognitive
scenario within the schema.
To illustrate our approach, we will use the image-schematic structure found
in language to suggest how image schemas can be represented as lattices of
theories. This illustrates how simple image schemas can be made more elaborate
within their respective ‘family’.
To further illustrate our formal approach, we will use the image schema of
Path-following, analyse its connections to natural language, and sketch-out a
lattice axiomatised in first-order logic, which makes explicit the diﬀerent branching points of micro theories involved in the family.
The remainder of the paper is structured as follows: first, image schemas
are introduced, including explaining the image schema of Path-following. This
is followed by a section on the usage of image schemas in language to support
the hypothesis that image schemas can be formally organised in interconnected
families. The next sections deal with formal approaches to image schemas by
sketching out a particular lattice by providing a first-order logic axiomatisation
of Path following. Finally, we discuss the relationship to other formal, logicbased approaches, and give an outlook to future work including empirical studies
to give further evidence for the fruitfulness of our approach and the proposed
formal distinctions within image schema families.

2

Image schemas

Image schemas are suggested to be the conceptual building blocks that are
formed in early infancy as a result of bodily experiences with the environment
[11]. They are found independently of language and culture [12] and are thought
to form and begin to play a conceptual role as an infant comes into contact
with particular spatial relationships through sensory-motor processes. The involved relationships are learnt and can be generalised upon. Such mental patterns
of spatial relationships are what constitutes image schemas. Some of the most

commonly mentioned image schemas are: Containment, Path, Support and
Link.
Image schemas can be used to explain increasingly more involved concepts
when combined with each other. E.g., Kuhn suggests that ‘transportation’ can
be understood as a combination of the image schemas Support and Path [7]
and ‘Marriage’ can be describes as a Linked Path [6].
Image schemas constitute the mental representation of expectations in diﬀerent situations. Their cognitive benefit lies therefore in their generalised nature,
which enables analogical transfer of knowledge or expectations onto unknown
situations. E.g., if the image schema of Support has been learnt through exposure of plates on tables, an infant can infer that desks can Support books as
well. The image schema becomes increasingly fine-tuned as the infant is repeatedly exposed to the same relationship in diﬀerent situations [13]. This results in
an image schema family capturing the same relationship yet with diﬀerent levels
of specification.
One of the more famous examples of grounding abstract concepts in image
schemas is the work of Lakoﬀ and Nünez [14]. In Where Mathematics Comes
From, they explained how image schemas may lay the foundation for abstract
concepts in mathematics, beginning with examples of how the notions of addition
and subtraction can be derived from back and forward movements along a Path,
and leading to more abstract constructions such as complex numbers.
Due to the basic nature of image schemas these mental patterns may be combined with each other to generate more complex structures [7, 8, 11, 15]. E.g., the
notion of Path can easily be connected with Link resulting in a higher level image schema such as Linked Path: An image schema concept that encompasses
linked behaviour on two, or more, joint Paths. This “Gestalt” grouping of image
schemas means that there must be a distinction between the most perceptually
primitive image schemas and the more complex image schemas.
Building on empirical data from studies on cognitive development, one hierarchical approach to solve this is the distinction made by Mandler and Cánovas
[11]. They divide the umbrella term ‘image schemas’ into three diﬀerent levels: spatial primitives (the conceptual building blocks), image schemas 3 (simple
spatial stories), and conceptual integrations (image schemas combined with a
non-spatial element such as force or emotion).4
The image schema Path is a family of image schemas that ranges from the
spatial primitive of basic movement, to more complex image schema notions
such as Source Path and Path Goal. Higher levels include Cycle in which
the start and end in the Source Path Goal schema are identical. Overlapping image schemas, that are combinations of the Path family and other im3
4

If referring to this level we will use the term spatial schemas to avoid confusion.
For the purposes of this paper, only spatial primitives and spatial schemas will be
further discussed. In principle, our approach is general enough to allow for heterogeneity, also on the logical level. Therefore we may also include conceptual integrations involving non-spatial elements in our image schema families, cf. the discussion
in sections 4 and 5.

age schema families are for example: blockage, Revolving Movement and
Linked Path.
Below, we provide a more thorough description of the Path family.
The Case of Path Following. Mandler [6, p.78] defined the image schema
Path as “[. . . ] the simplest conceptualization of any object following any trajectory through space, without regard to the characteristics of the object or the
details of the trajectory itself – it is merely something moving in through space.”
Given that the most general notion of Path simply is movement, it follows
that Path is one of the first image schemas to be acquired in early infancy as
children are immediately exposed to movement from a range of objects. This in
combination with the neurological priority to process moving objects over static
objects, the image schema is suggested to be either innate [16] or learnt at a
very early stage in cognitive development.
During the initial stages of cognitive development, children pay more attention to the actual movement on the Path rather than the cause and/or target
of the movement. However, as the child becomes more and more familiar with
the image schema, more details are added. This means that in more advanced
stages, the image schema encompasses beyond movement and the spatial Path
itself, also the spatial primitive End Path, and later also a Start Path5 . Studies on infants [11] indicate that already at five months infants can distinguish
Path Goal from the initial Path, while the Start Path is less interesting until the end of the first year of life. This is further supported by linguistic analyses
in which an End Path is initially more interesting than a Start Path [17].
During the first year of an infant’s life it learns to distinguish between several
diﬀerent components, or spatial primitives, that are all connected to the same
image schema. In Sec. 4, we will demonstrate this fine-tuning via a collection of
formal theories. In language, these patterns can be similarly observed, strengthening the hypothesis that image schemas are not isolated notions, but should be
seen as interconnected families of theories or concepts. The next section aims to
demonstrate this phenomenon.

3

Use of Image Schemas in Natural Language

In this section, we examine the use of the Path image schema in language. One
question is how to identify the use of an image schema.
Bennett and Cialone [18] investigated the Containment relationship in natural language by analysing text corpora. The Containment image schema is
commonly described as the sum of the interrelationships of an inside, an outside
and a boundary [3]. Bennett and Cialone searched for words similar to containment, e.g. ‘surrounding’ and ‘enclosing’. Further, the preposition “in” is used to
5

In this paper we follow the terminology of [11]. Alternative terms for Start Path
and End Path are ‘Source’ and ‘Goal’, respectively. These are used in the names of
image schemas like Source Path, Path Goal, and Source Path Goal.

describe a Containment relationship. Prepositions in combination with verbs
often do appear to be the key words that help identify image schemas in language
[17].
One abstract example of Containment is “to be in love”. Obviously, there
are no spatial regions for the state of love in the same sense as there are for a
physical container like a milk bottle. Yet, we use the spatial language to talk
about the phenomenon of love: e.g., we fall in love or fall out of love. Bennett and
Cialone’s method distinguished at least eight diﬀerent kinds of Containment.
Their approach illustrates that analysing language leads to greater understanding of image schemas. In the rest of this section we discuss examples for
diﬀerent uses of Path image schemas.
The Uses of Path-Following. As demonstrated above with Containment,
in metaphorical language, image schemas can be used as a source for grounding
abstract concepts in already comprehended concrete concepts. For the image
schema of Path-following there is a multitude of metaphoric expressions that
work on diﬀerent levels of specification in a hierarchy, or as we call it the Path
family.
The most basic examples of Path following in natural language are situations
that immediately speak of the spatial relationship of movement between diﬀerent
points. Prepositions such as from, to, onto, into, across and through, all indicate
movement and the image schema Path. This also includes key verbs that are
connected to movement, e.g. going, coming.
Concrete examples of Path in natural language include I am on a train from
Berlin to Prague (Source Path Goal), and more abstract concepts Going on
a joy ride (Source Path, as there often is no intended goal).
The metaphorical expression “to run for president” does not mean, in most
cases, that a person is running a marathon for their head of state. It illustrates
the process of trying to get elected as president: Path Goal.
Another metaphor “life is a journey” [19] makes an analogical mapping between the passing of time in life, to the passing of spatial regions on a journey.
As in the example above, where the concept of “being in love” acquired information from the Containment schema, the metaphor gains information from
the spatial primitives connected to this image schema. For Path, the most basic
spatial primitives are Start Path and End Path – in this metaphor they are
mapped to the moments of birth and death.
A diﬀerent perspective on life and death is expressed in the metaphorical
expression “the circle of life”. Implied is that life leads to death, but death
also gives rise to life, completing a cyclic movement—the image schema Cycle.
This image schema can be considered as a version of Path following, in which
Start Path and End Path coincide at the same ‘location’.
These examples illustrate a general pattern, namely that many metaphors
involving Paths are about processes, and diﬀerent events during the process are
treated metaphorically as locations on the path. This leads to the conceptualisation of the abstract concept of time, which we will further investigate in the
next section.

Time as Path. Time is often represented as a linear Path, which moves forward in one direction. In particular, if we want to represent the change of some
property over time (e.g., the population of a city, the acceleration of a falling
object, the GDP of a country) we often use a two-dimensional coordinate system
where the vertical axis represents the property in question and the horizontal
axis represents time.
Perceived like a Path, time can be observed with several of the spatial primitives associated with the image schema. Time may be conceptualised as having
a beginning, a Start Path; e.g., this may be the Big Bang or the moment of
creation in a religious context. Depending on the cosmological preferences, time
may also be conceptualised to have an end, an End Path: the Big Rip or an
‘apocalypse’.
In other contexts, time is not represented as a linear Path but as iterative
Cycle. After each winter follows another spring, every sunset is followed by
another sunrise, and the arms of a clock move round and round. Thus, time can
be seen as a cyclic process, as each day, week and year starts anew.
The past section has outlined the motivation for why the image schema of
Path-following should be seen as more than movement in any trajectory. Diﬀerent Path notions can be identified by distinguishing their specific use in natural
language. Next follows our suggestion on how these notions can be structured in
accordance with Mandler and Cánovas’ [11] distinctions of spatial primitives.

4

Image Schema Families as Graphs of Theories

In the previous sections, we argued for image schemas to be members of families,
which are partially ordered by generality. In the following, we will describe an
approach to represent the connections between image schemas, belonging to the
same family according to certain criteria. To illustrate some technical points,
we will sometimes also postulate the existence of additional image schemas and
their interconnections6 , whilst others are clearly motivated and instantiated by
examples from the previous section. Formally, we can represent this idea as a
graph7 of theories in DOL, the Distributed Ontology, Modeling and Specification
Language [20].
This choice is motivated primarily by two general features of DOL: (1) the
heterogeneous approach which allows for a variety of image schematic formalisations without being limited to a single logic, and (2) the focus on linking and
modularity. Therefore, DOL provides a rich toolkit to further formally develop
the idea of image schema families in a variety of directions.8
6

7
8

A disclaimer: in such cases we here do not intend to make any claims regarding their
empirical existence and/or their cognitive role in development.
These graphs are diagrams in the sense of category theory.
In more detail, DOL aims at providing a unified metalanguage for handling the diversity of ontology and specification languages, and in particular provides constructs
for (i) ”as-is” use of ontologies, models and specifications (OMS) formulated (as a
logical theory) in a specific ontology, modelling or specification language, (ii) OMS

Building on similar ideas to those underlying the first-order ontology repository COLORE9 [21], we propose to capture image schemas as interrelated families of (heterogeneous) theories. Similar ideas for structuring common sense
notions have also been applied to various notions of time [22, 23]. This general
approach also covers the introduction of non-spatial elements such as ‘force’ as
a basic ingredient of image schemas, as for instance argued for in [24].
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formalised in heterogeneous logics, (iii) modular OMS, (iv) mappings between OMS,
(v) networks of OMS, and (vi) queries. DOL is equipped with an abstract modeltheoretic semantics. The final DOL specification was submitted as a standard to the
Object Management Group (OMG) in early 2015
See http://stl.mie.utoronto.ca/colore/

In Figure 1, some of the first basic stages of the image schema family Path
are presented. Ranging from Mandler’s general definition presented above, of
object movement in any trajectory, to more complex constructions.
The particular image schema family sketched is organised primarily via adding
new spatial primitives to the participating image schemas and/or by refining an
image schema’s properties (extending the axiomatisation). In general, diﬀerent
sets of criteria may be used depending, for example, on the context of usage,
thereby putting particular image schemas (say, Revolve Around) into a variety of families. Apart from a selection of spatial primitives, other dimensions
might be deemed relevant for defining a particular family, such as their role in
the developmental process.
One way Movement Along Path can be specialised is as the image schema
of Movement In Loops. Note that this change does not involve adding a new
spatial primitive, but just an additional characteristic of the path. The resulting
image schema can be further refined by adding the notion of a focal point, which
the path revolves around—this leads to the notion of orbiting. Alternatively, we
may change Movement Along Path by adding distinguished points; e.g., the
Start Path, the target End Path, or both.
The latter image schema may be further specialised by identifying (the location of) the Start Path and the End Path. In this case, the path is closed
in the sense that any object which follows the path will end up at the location
at where it started its movement. The diﬀerence between a closed path and a
looping path is that the closed path has a start and an end (e.g., a race on a
circular track), while the looping path has neither (like an orbit). It is possible
to further refine the schema by adding more designated points or other related
spatial primitives.
We will now show how the theories of image schemas and the various branching points in the graph can be characterised formally.

5

Axiomatisation of Path-Following

In this section, we present an axiomatisation of the image schema represented in
Figure 1. The focus of our axiomatisations is to capture the important diﬀerences
of the branching points of the Path family, not an exhaustive axiomatisation.
For the sake of brevity, we will present only selected axioms in this section. A
more complete axiomatisation is available at an Ontohub repository.10
Our axiomatisation approach is inspired by semantics in the neo-Davidsonian
tradition [25, 26]. We consider image schemas as a type of event (in generality
quite similar to the view defended in [27] to view image schemas as a kind of
‘domain’) and consider spatial primitives as thematic roles of these events. Thus,
if a given image schema is enriched by adding a new spatial primitive, this is
typically represented by adding a new entity (e.g., site) and a new relation (e.g.,
has start path) that determines the thematic role of the new entity in the event.
10

https://ontohub.org/repositories/imageschemafamily/

As representation language we use ISO/IEC 24707 Common Logic. Common
Logic is a standardised language for first-order knowledge representation, which
supports some limited form of higher-order quantification and sequence variables.
For the axiomatisation of the image schemas in the family of path following
we assume an image schema Movement Along Path as the root of the Path
family. Movement Along Path is derived from a more general notion, namely
Movement Of Object. This is movement of some kind that involves only one
spatial primitive, namely an Object. This object plays the role of the movee
within the context of the Movement. This can be formalised in first-order logic
as follows:
( f o r a l l (m)
(iff
( MovementOfObject m)
( e x i s t s (o)
( and
( Movement m )
( Object o )
( has_movee m o )))))

No additional information about what kind of object is moving and how it
is moving is assumed.11
The schema Movement Along Path is the result of adding a new spatial
primitive to Movement Of Object, which plays the role of a Path.
( f o r a l l (m)
(iff
( MovementAlongPath m)
( e x i s t s (p)
( and
( MovementOfObject m)
( Path p )
( has_path m p )))))

Under a Path we understand a collection of two or more sites, which are
connected by successor relationships. Each of these sites has (relative to the
path) at most one successor site. The transitive closure of the successor relation
defines a before relationship (relative to the path); and for any two diﬀerent sites
x, y of a given path, either x is before y or y is before x (relative to the path).12
This axiomatisation provides a representation of a quite abstract notion of
Movement Along Path. It needs to be suﬃciently abstract, since it serves as
the root node for the Path family. All other image schemas in the family are
derived from this root by adding additional spatial primitives and/or additional
axioms.
11

12

From an ontological perspective, Movement Of Object can be seen as a
kind of process (or occurrent). Thus, any adequate axiomatisation of Movement Of Object needs to represent change over time in some form. To keep things
simple, we here just quantify over time points. We assume that time points are ordered by an earlier relationship. Further, we use two other relationships to connect
time points to processes: (has start m t) means The movement m starts at time
point t and (during t m) means Time point t lies within the interval during which
movement m happens.
The before-relationship is not a total order, since antisymmetry is not postulated.

Given this notion of Path, we can axiomatise the relationship between the
Path and the Object, which characterises a Movement Along Path. During
the movement the moving object needs to pass through all sites of the path in
a temporal order, which matches the before-relationship between the sites:
( f o r a l l ( p o m s1 s2 )
(if
( and
( MovementAlongPath m)
( has_path m p )
( has_movee m o )
( before s1 s2 p ))
( e x i s t s ( t1 t2 )
( and
( Timepoint t1 ) ( Timepoint t2 )
( during t1 m ) ( during t2 m )
( located_at o s1 t1 ) ( located_at o s2 t2 )
( earlier t1 t2 )))))

The image schema Source Path is the result of adding the spatial primitive Start Path to Movement Along Path. We represent this with the
has source relationship. The Start Path of a Path is a site on the path that
is before any other site of the path:
( f o r a l l (m)
(iff
( SourcePathMovement m)
( e x i s t s (s)
( and
( MovementAlongPath m)
( ha s_start _path m s )))))

( f o r a l l ( m s1 s2 p )
(if
( and
( SourcePathMovement m)
( Site s1 )
( Site s2 )
( not (= s1 s2 ))
( has_path m p )
( has _start_ path m s1 )
( part_of s2 p ))
( before s1 s2 p )))

What distinguishes Source Path from other movements is the following: at
the start of a Source Path movement the object that moves is located at the
Start Path:
( f o r a l l (m s t p o)
(if
( and
( SourcePathMovement m)
( has_start m t )
( has_movee m o )
( has _start_ path m s ))
( located_at o s t ))))

Analogously, we can define Path Goal as a Movement Along Path with
an End Path. A Source Path Goal is a movement, which includes both landmarks of Start Path and End Path. Thus, Source Path Goal can be defined as the intersection of Source Path and Path Goal.
Closed Path Movement is a special case of Source Path Goal, where
the location of the Start Path and the End Path of the Path coincide.
( f o r a l l (m s g)
(if
( and
( has _start_ path m s )
( has_end_path m g ))
(iff

( ClosedPathMovement m)
( and
( SourcePathGoalMovement m)
(= ( location_of s ) ( location_of g ))))))

Source Path Via Goal is a diﬀerent way to refine Source Path Goal.
In this case an additional designated site is added, which lies between the
Start Path and the End Path of the path.
( f o r a l l (m)
(iff
( SourcePathViaGoalMovement m)
( e x i s t s (s p)
( and
( SourcePathGoalMovement m)
( has_path m p )
( Site s )
( part_of s p )
( not ( has_sta rt_path m s ))
( not ( has_end_path m s ))))))

Both Closed Path Movement and Source Path Via Goal can be combined in the obvious way.
A completely diﬀerent branch of the movement image schema family does
not involve either Start Path or End Path, but the Path consists of a loop
of sites. One way to represent this is by requiring that the before-relationship is
reflexive (with respect to the path of the movement):
( f o r a l l (m)
(iff
( Mo ve m en tI nL o op s m )
( and
( MovementAlongPath m)
( f o r a l l (p s)
(if
( and
( has_path m p )
( Site s )
( part_of s p ))
( before s s p ))))))

The diﬀerence between Movement In Loops and Closed Path Movement
is that in the latter case both Start Path and End Path are present, they just
spatially coincide. Hence, the movement is over when the object meets the target.
In contrast, Movement In Loops entails that the moving object is located at
the same location more than once.
Revolving Movement is a subtype of Movement In Loops. To define it,
we need to consider two additional factors: the shape of the path is elliptical, and
there is a focal point, which the movement revolves around. The focal point itself
is a site, but it is typically the location of an object. A detailed axiomatisation
of this image schema is beyond the scope of this paper, we just provide an initial
sketch:
( f o r a l l (m)
(iff
( RevolvingMovement m)
( and
( Mo ve m en tI nL o op s m )
( e x i s t s (p s)
( and

( has_path m p )
( Eliptical ( shape p ))
( Site s )
( ha s _f oc al _ po in t p s ))))))

6

Discussion and related work

Formalising image schemas is a recent undertaking in artificial intelligence research as a means to aid computational concept invention [28, 8, 29–31].
We have here presented an approach in which image schemas are treated as
interconnected theories in a lattice (ordered by theory interpretation). We have
discussed the usage of image schema structure in language and the cognitive development of spatial primitives and image schemas. The main insights, we claim,
support the hypotheses that the spatial primitives and their assumed properties
distinguish not only the diﬀerent usages in natural language and various cognitive stages, but can be systematically seen as and mapped to branching points
in the lattice of image schema theories.
The benefits of this approach lie not only in the provided structuring of image
schemas, but also in how formal systems may use them. In analogy engines, or
(formal) approaches to conceptual blending [32, 31],the presented hierarchy can
provide a method for theory weakening based on abstracting involved image
schemas, and is therefore substantially diﬀerent from the more syntactic-driven
methods used by the Structure Mapping Engine (SME) [33] or Heuristic-Driven
Theory Projection (HDTP) [34].
A similar approach to that presented here can be found in St. Amant et
al. [9]. In what they call Image Schema Language, ISL, they provide a set of
diagrams that illustrate how combinations of image schemas can lead to more
complex image schemas, and provide some real life examples.
Other related work on formalising image schemas is the work of Kuhn [28,
35]. He argues that image schemas capture abstractions in order to model aﬀordances. Working top-down rather then our bottom-up approach, he uses WordNet to define noun words and connects them to spatial categorisations related
to image schemas based on aﬀordance-related aspects of meaning.
Walton and Worboys [8] build further on Kuhn’s work by visualising and formalising the connections between diﬀerent image schemas using bigraphs. By visually representing the topological and ‘physical’ image schemas relevant in built
environments, they demonstrate how more complex dynamic image schemas such
as blockage could be generated using sequences of bigraph reaction rules on
top of simpler static image schemas.
Our work diﬀers from the approaches above by focusing on making explicit
the structure of entire image schema families, using Path as a proof of concept.
While other approaches tend to look at the interconnection between particular
image schemas, we have followed the psychological research of Mandler and
Cánovas [11] to analyse formally the image schema family of Path concentrating
on the involved spatial primitives. It is our belief that this will allow for a more
fine-tuned and specialised use of image schemas in computational systems.

Complex image schemas partly develop as a result of combining elements
from diﬀerent image schemas. This paper has not studied the interconnections
between this family and other image schema families in detail. For a more extensive structuring of image schemas and their families, the combination of diﬀerent
image schema families needs to be addressed.
This leads to two major issues that need to be addressed in our approach.
Namely first: that while we argue that image schemas can be structured in
families, there is bound to be overlapping nodes that are also part of other
image schema families, indicating the need for integration with approaches like
that from St. Amant et al. introduced above. Here, the DOL language provides
some of the tools to make such an interconnection of families formally feasible,
and to give a handle on a formal rendering of the notion of construal (image
schema transformation) discussed in [27].
The second problem is the temporal nature of image schemas. Since image
schemas are not only spatial but also capture change over time, any axiomatisation thereof needs to address the non-trivial problem of formally representing
time. One motivation for the use of non-classical logics is the claim that these
are cognitively and linguistically more adequate than classical logics involving
variables and direct quantification over objects [36]. Moreover, the cognitive adequateness of particular formalisms has been studied in detail (e.g. [37]). In this
spirit, a large variety of temporal logics has been proposed to model various
temporal aspects of natural language [38, 22]. Similarly, qualitative spatial logics
have been designed to capture more adequately the way humans conceptualise
and reason about space [39].
In this line of thinking, a challenging research program would involve not
to uniformly represent diﬀerent kinds of image schemas in one expressive logic,
such as first- or higher-order logic, but instead to construct a mapping between
the cognitive levels of image schema development and correspondingly adequate
logical representations on diﬀerent layers of abstraction. For instance, the gradual
construction of an explicit representation of a time-line over which humans might
meaningfully be able to quantify, could be bootstrapped from the most basic path
following image schema where a progression of time is completely implicit in the
notion of movement along the path understood as a basic event.
As a next step, we intend to establish the potential of our approach by
performing two kinds of empirical studies on image schema families. (1) We plan
to evaluate the hypothesis that the basic image schemas within a family can be
found in any language and are, thus, universal. (2) We intend to investigate the
branching points within image schemas, that are realised diﬀerently in a variety
of languages and where, thus, universality of the image schemas breaks down.
Acknowledgments. We thank the reviewers for constructive and valuable feedback. The project COINVENT acknowledges the financial support of the Future
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Analogical Inference and Transfer for Creativity
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Abstract. Analogies are often considered a mechanism that allows to
explain phenomena of creativity. An analogical mapping prepares the
transfer of concepts and ideas between diﬀerent domains. The imported
knowledge can provide new insights into the target, leading to a reconceptualization of a domain or showing solutions to a problem. While
the process of mapping between domains is in the focus of many works on
analogy, the actual transfer receives much less attention. We argue, that
this lack of interest is inappropriate as transfer is not a straight forward
continuation of the mapping process but a complex phenomenon with
close connections to the field of conceptual change. We further claim
that there are diﬀerent ways in which analogical transfer can contribute
to the introduction of new ideas into a domain and suggest a classification
of transfer types based on a formal analogy model.

Keywords: analogy; transfer; conceptual change; hdtp.

1

Introduction

Creativity is often thought to be a mysterious process, and artists and other
creative individuals are sometimes attributed an ingenuity which goes beyond
what the rational mind could grasp. We believe though that the interesting cases
of creativity can be traced back to an elementary process of concept acquisition
through conceptual change. In our view, the persistence of interestingness of
a creative discovery does not pertain to e.g. playful associations or to random
analogies, but depends on
– how deep the discovery integrates into one’s conceptual background,
– while presenting an uncommon (‘new’),
– and promising perspective.
The novelty of a discovery is certainly the main characteristic when we think
of creativity. But such a discovery can only be considered integrative and promising if it is based on and furthers a more or less well-defined conceptual system.
The acquisition of new concepts through conceptual change goes beyond random
variations or simply memorizing facts (e.g. adding a new piece of information to
an existing knowledge base). It involves large restructuring of existing knowledge
to form new relations and possibly new concepts.

It has been early on suggested that analogical reasoning, a form of nonclassical reasoning, is a key mechanism in creativity and conceptual change. In
their cognitive-historical analysis of Johannes Keppler’s scientific thinking, Genter et al. [8] propose that analogical reasoning facilitates conceptual change by
highlighting relevant aspects for an analogy, by projection of candidate inferences
to structure the target domain, and, based on projection, through rerepresentation of domains and restructuring these. Especially transfer, the potential of
analogies to allow for “mental leaps”, stands out, as it allows to introduce inherently new structure into domains. One can argue that knowledge transfer
itself does not create something essentially new within the conceptual system of
the individual, but the reorganization of a domain in accordance with the new
piece of knowledge. In this paper we discuss diﬀerent ways in which transfer
necessitates reorganization of knowledge on a logical basis and by the use of
examples.
1.1

Analogical transfer in creativity

The most widely accepted problem decomposition of analogical reasoning provides Dedre Gentner’s Structure-Mapping Theory (SMT) [7].
– Given two structured domains, one source and one target,
– find an appropriate mapping of objects, attributes, and relations, and finally
– transfer new knowledge from source to target.
In Structure-Mapping Theory, a clear distinction is made between diﬀerent subprocesses. First, starting from a target domain, an appropriate analog source
domain is retrieved. Then, an analogical mapping follows, which prepares the
transfer of concepts and ideas between the domains. In theory, most cases of
transfer necessitate that the added knowledge is adapted to the target domain
and vice versa (which might involve an evaluation or consistency check). The
imported knowledge can thereby provide new insights into the target, leading to
a reconceptualization of a domain or showing solutions to a problem.
In human practices, transfer is omnipresent, and, beyond conceptual knowledge, virtually everything might also be transferred: skills, tool use, emotions,
but also quite general principles, such as “being a good scientist”, or “doing
the right thing”. Especially the latter case shows that transfer requires quite
ingenious adaptation of a principle to ever new situations. Polya [12] literally
considers it a metacognitive virtue in problem solving to attempt to generalize
and transfer found solutions.
But given the apparent centrality of transfer, astonishingly little attention has
been put on researching the details of this process. “Mapping is the core defining
process for analogy” write [6, p. 267] in 2011. Indeed, most work in analogy in
the SMT paradigm initially has focused on the topic of mapping, including the
generation of candidate inferences for transfer. The reorganization of the target
for the integration of transferred knowledge falls short; In SMT, transfer mostly
adds knowledge from a source domain to a target domain [6]. Progress in the

SMT tradition has instead been made in subprocesses of analogical reasoning
that one believes can be completely isolated from mapping – e.g. the initial
retrieval of structured knowledge representations from databases or sketches (cf.
for example [5]).
1.2

Central problems in transfer

We propose that research on the details of transfer is of crucial importance
to further our understanding of analogical reasoning, and identify three major
related problems to be tackled:
1. What to transfer? What are good criteria for identifying ‘useful’ knowledge to transfer.
2. How is transferred knowledge adapted to the target domain, and
vice versa?
3. How to validate transfer? How to decide that transfer has been successfully accomplished?
In the following we will mostly focus on the second problem. First, we sketch
how transfer and integration are handled in representative computational theories of analogical reasoning. We will then, on a more general logical basis, discuss
how transfer necessitates restructuring of the target domain along with examples. We show that integrating transferred knowledge diﬀers for diﬀerent kinds
of transferred knowledge and involves a spectrum from little to very complex
mutual adaptation.

2

Related Work

In this section, we will review three computational approaches to analogical reasoning and transfer: Structure-Mapping Engine (SME), which is based on SMT,
Heuristic-Driven Theory Projection (HDTP), and Case-Based Reasoning (CBR).
We will first sketch how each system works, and then discuss the role of transfer
in it. These approaches are similar in that they have a rather clear separation
of mapping and transfer phase. Other systems, like Hofstadter’s Copycat [9] or
Indurkhyas interactionist approach [10] do not exhibit such a clear separation,
as they allow to adapt source and target domains during mapping.
2.1

Structure Mapping Engine

SME directly builds on Gentner’s Structure-Mapping Theory [7]. First notes
on SME have been published in 1986 by Falkenhainer and Gentner [4]. The
standard reference for SME still is [3], in which its algorithms are explained in
more detail. A central role in SME takes Gentner’s systematicity principle [7].
The idea behind the systematicity principle is that in analogy, relational structure is preferred over simple or isolated facts. Implementing the systematicity

principle means that SME looks for relational commonalities between domains,
transfers relational structures (i.e., systems of predicates) with a preference over
attributes, and that transferred knowledge integrates readily into the target domain. The SME algorithm indeed does not involve a particularly elaborated
reorganization of a target domain, nor an elaborate consistency check. This suggests that much of the power of SME rests on the structural consistency that
the underlying base and target domains entail.
In SME, domain knowledge is represented in a predicate calculus consisting of
entities, predicates (functions, attributes, and relations), and Dgroups. Dgroups
are ‘collections’ of entities and relations which are considered as a unit, and
which form acyclic directed graphs. The main work of the SME algorithm is in
finding an appropriate mapping between domains, including candidate inferences
for transfer. The algorithm employs the following steps:
1. The computation of correspondences between domains, with a preference for
systems of relational structures.
2. The computation of candidate inferences, again with a preference on larger
relational structures.
3. An evaluation of the computed match.
Formally, during transfer the graph representing the target domain is extended with additional vertices and edges, by importing unmapped elements
from the source graph. In most cases, the integration of approved inferences into
the target only requires to replace entities from the source with the corresponding target entities. When source entities do not have corresponding entities in
the target, “SME introduces a new, hypothetical entity into the target which is
represented as a skolem function of the original base entity” [3, p. 22]. There is
however no elaborated evaluation of the validity of the transfer, just a “weak
consistency check based on purely structural considerations” [3, p. 23].
2.2

HDTP

Heuristic-Driven Theory Projection (hdtp, [14]) is a logic-based analogy model
that describes an analogy in the following way: source and target domain are
represented as logical theories. Each of these theories is formulated using a specific vocabulary (signature). The theories then are given by finite sets of logical
(first-order) axioms.
The algorithm establishes an analogical mapping by heuristically picking
pairs of axioms, one from the source and one from the target side, and generalizing them using anti-unification. This leads to a syntactically generalized form
of the chosen axioms, together with a pair of substitutions that allows to project
the generalization back into the source and the target theory (figure 1). The
algorithm continues until no suitable pairs of axioms remain. It thereby tries to
find a trade-oﬀ between keeping the substitutions simple and maximizing the
number of axioms that are covered by the generalization.
Once an analogical mapping has been established by hdtp, the transfer step
consists of walking through the uncovered axioms of the source domain, i.e.

Abstraction
instantiation

Source

instantiation
analogical
relation

Target

Fig. 1. Analogy by generalization: common structures of source and target domain can
be seen as instances of an abstracted domain

those that have not been mapped to axioms of the target side. Those axioms are
candidates for transfer: using the substitutions found in the mapping phase, they
are translated into the target language, establishing an analogical inferences. The
logical nature of hdtp allows a first sanity check of that inference by testing for
logical consistency with the target theory. However, as argued above, this check
will usually not be suﬃcient and has to be supplemented by some additional
(external) check depending on the domain modeled, e.g. a physical experiment.
In the HDTP algorithm this is expressed as asking an oracle.
2.3

Case-Based Reasoning

Another field in which analogy-like transfer can be found is case-based reasoning
(CBR). In CBR new problems are solved by retrieving a similar case from a case
base and adapting it to the given situation. CBR is typically presented in form
of the CBR cycle, consisting of four stages [1]: retrieve, reuse, revise, and retain.
First a similar case is retrieved from the case base. Information from that case
is reused to propose a solution for the current problem. This solution is revised
and if suitable, it is retained, i.e. stored in the case base to be used in later tasks.
In this process, the phase of reuse can roughly be considered as an analogical inference: the retrieved case has to be aligned with the target case, then
additional knowledge from the source case has to be transferred to the target
and finally the target may have to be adapted. Typically, cases in CBR are represented in form of problem-solution pairs, making mapping and transfer easy.
However, the general framework of CBR does not rely on that form and it can
well be used with more general forms of representations of cases, requiring a
full-fledged analogy system.
Ontañón and Plaza [11] provide a formal analysis of the transfer process in
CBR. In that analysis they exclude the adaptation of the target and focus solely
on the transfer. They consider all cases to be elements in a generalization space,
i.e. a lattice-like structure in hich two cases can be compared to be more or less
general. In that space a least general generalization of two cases can be formed
(anti-unification), and consistent cases can be unified. The amalgam of two cases
is defined as the set of those cases that are unifiers of some generalizations of
the given cases. A transfer is described by an asymmetric amalgam that keeps
the target fixed and only allows to generalize the source case. Information from
the source that is incompatible with the target is dropped. Then a conjecture

can be formed as a unifier of the target problem and this relaxed version of the
source case. The same analysis applies to analogical transfer, showing the close
relatedness of both kinds of reasoning.

3

A Logical Analysis

In this section we propose a logic-based classification of diﬀerent types of analogical transfer. We choose the logic-based representation of the HDTP framework,
because its explicitly defined syntax and semantics allows to clearly identify key
phenomena. Nevertheless, we claim that the observations we make here are not
due to the particularities of that formalism, but can be found in other analogy models as well, giving a deeper understanding of the process of analogical
transfer in general.
In what follows, we will have a closer look on what can happen during transfer
on the syntactic and semantic level. While the syntactic process of transfer, i.e.
the translation of formulae from the source to the target side, is quite simple
(although there may be complications, e.g. in case of one-to-many mappings or
the mapping of complex structures), it can have diﬀerent consequences on the
semantic level. A first distinction can be based on whether a formula can be
transferred directly (3.1) or if new symbols have to be introduced (3.2). In both
cases, further discriminations are possible, also having semantic consequences.
Here we take two perspectives: either considering the model classes for the target
theory or just considering one specific intended model.
3.1

Transfer of a statement

We first consider the case that a statement from the source domain can be
translated into a statement of the target domain. This means that all symbols
that are used in the statement are either from the background signature, or are
mapped to corresponding symbols on the target side. In that case, we can further
distinguish three situations.
First, we assume that the transferred statement lies within the target theory,
i.e. it can be derived from the target axioms by logical deduction (figure 2).
While this kind of transfer may seem pointless in this simple example, it can
be observed in the real world. In mathematics, a discipline that is dedicated to
logical deduction, many creative acts can be traced back to transferring proofs
or proof ideas from another field. Also other cases of analogical inference fall
into this category: in analogical planning, a plan developed in one domain can
be transferred and executed in the target domain. It can be argued, that the
plan could have been developed by simply traversing the search space, i.e. by
staying in the formal setting provided by the target domain.
From a semantic point of few, this situation is quite simple, as the transfer
of formulae that are already implied by the target axioms does not change the
class of valid models.

Source
Target
α1 : ∀x. human(x) → mortal(x)
β1 : ∀x. divine(x) → immortal(x)
α2 : human(socrates)
β2 : divine(zeus)
↓ M P (α1 , α2 )
α3 : mortal(socrates)
� α3∗ : immortal(zeus)
Fig. 2. Analogical transfer α3∗ of a logical inference α3 .

The second situation arises, if the transferred statement is not already implied by the target axioms, but does not contradict them. In that case, the
transferred formula may be added as a new statement on the target side. This
case seems to be the classical case of an analogical inference, considered by most
analogy models. There is no guarantee, that this inference is valid and hence
additional (non-logical) eﬀorts have to be undertaken for evaluation. In an empirical setting, one may design experiments to check the new statement or some
of its consequences. From a semantic perspective, the class of models now splits
into two subclasses: the models in which the transferred statement holds and the
models in which the statement does not hold.
A third situation is given, if the transferred statement contradicts the target
axioms. Many analogy models (including hdtp) would refuse such a transfer,
regarding the original presentation of the target domain to be valid and hence
the transfer candidate to be untenable. However, one may argue that many acts
of creativity require to give up certain ideas about a domain to attain a more
fruitful conceptualization. Such a transfer necessarily implies a change on the
semantic level. The models for the old theory are no longer valid.
A classical example for this kind of conceptual change can be found in the
transition from the plum pudding to the Rutherford atom model. Here one has
to give up the idea that matter is densely packed, i.e. that the distance between
particles is zero, and replace it, in analogy to a model of a planetary system,
by a strictly positive distance, supported by the outcome of the Rutherford gold
foil experiment [13].
3.2

Introduction of a new symbol

Another class of cases occurs, when the formula of the source theory, that is
considered as a candidate for transfer, contains symbols, that are not from the
background signature and that have not been associated to symbols on the target
side. In that case, a new symbol has to be introduced into the target signature,
that can be used to replace the unmapped symbol in the source formula. This
means that the target language is changed, allowing to form additional sentences
using the new symbol.
If the unmapped symbol is a constant, a new constant has to be introduced
into the target signature. On the semantic level, an interpretation has to be
provided to this new symbol. Given a model, the symbol can be taken as a new
name for an element that already exists in the universe, in which case the model

has not to be changed. It would than be possible to check the analogical inference
within the given model.
A new symbol may also motivate the introduction of a new element into the
universe, i.e. a change of the structure of the model. An illustrative example
for this kind of transfer can be taken from astronomy: assume one observes an
astronomical body, whose trajectory is contrary to one’s expectations (target
phenomenon). However, it resembles the trajectory of another object, that is
part of a two-body system (source). Now, by analogy, one may conjecture, that
in the target situation there exists a second, invisible object causing the unusual
behavior. Formally, we have to adapt our target model, not only by introducing
a new element (the invisible object), but also by extending functions to assign
attributes like position, velocity, and mass to that object.
There may also be cases, where not only constants, but unmapped function
or predicate symbols occur in transfer candidates leading to the introduction of
new function and predicate symbols into the target signature. On the semantic
level, these do not require an extension of the underlying universe, but rather
the introduction of new functions or relations to interpret these symbols.
An example for this kind of transfer is the “heatflow analogy” (used, among
others, in [3] and [14]): this analogy introduces the new concepts of heat and heat
flow by transferring concepts and relations from the domain of water flow. The
target domain consists of two objects of diﬀerent temperature (classically a cup
of hot coﬀee and an ice cube) that are connected by a metal bar. It is observed
that the hot object cools down while the cold object heats up. This situation is
mapped to a scene consisting of two vessels containing water, one filled to the
top while the other being almost empty. The vessels are connected by a pipe. It is
observed that the height of the water in the full vessel decreases while the height
of water in the other vessel increases. This is explained by stating that water
flows from one vessel through the pipe into the other vessel. This explanation can
be transferred to the target side by establishing a new concept (heat) there that
corresponds to the water. The target objects function as “container” for this new
entity, in which it can have a specific “height” (temperature), and it can also
“flow” through the metal bar. Further extensions, like transferring “volume” or
the “footprint” of the vessel are possible to establish concepts like specific heat
capacity and allowing quantitative assessments. In this example, not only a new
constant (heat) has to be introduced into the target signature, but also a number
of function and relation symbols for which semantic interpretations have to be
provided.

4

Discussion

We have defined three central problems in analogical transfer: 1) What knowledge to transfer from a source domain to a target domain, 2) how to integrate this
knowledge into the target domain, and 3) how to validate whether the transfer
was successful. We have then examined the second problem by presenting a classification of transfer types based on a formal analogy model. We distinguished

diﬀerent types of transfer: the transfer of a statement, the introduction of a new
symbol, and the introduction of new properties and relations. This classification
shows an increasing level of mutual adaptation of both the transferred knowledge
as well as the target domain. In contrast, the process of analogical mapping usually is not thought to modify the underlying domains. We therefore propose that
transfer might be a key mechanism in conceptual change, and in consequence,
in creativity.
It should be remarked that an analogical inference is never justified from a
logical perspective. A partial correspondence of domains is no suﬃcient reason
that these domains have to agree in other aspects as well [2]. Nevertheless, analogical inference is an inexhaustible well of ideas and hence of enormous value
with respect to creativity if it is used appropriately. This usually means that
the analogical inference has to be re-examined by the means available in the
target domain. If the analogical inference establishes a mathematical conjecture,
it has to be proven. In other domains, an analogical inference may predict new
phenomena, that can be empirically checked by an experiment. In some cases,
an analogy may not actually make new predictions about a domain, but rather
change the way of perception, leading to a new and better (simpler, more compact, etc.) description.
Assumed that transfer is a key mechanism in creativity, it might also have a
more dominant role in analogy itself. Such a perspective is discussed for example
in educational psychology ([16], [15]) on the basis of experiments in children’s
concept acquisition. These experiments show that children do not make use of
‘fixed domains of knowledge’, but assemble representations of objects, situations,
or problems depending on the given context. An important piece of knowledge
in this assembly process is given by analogies, and in particular, by the knowledge children intend to transfer. In this view, transfer is not a surplus after an
extensive process of mapping: The knowledge to be transferred is already instrumental in representing domains, in establishing an analogical relation between
domains, and in the mapping process.
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Abstract. Re-representation and restructuring are processes relevant
to creativity research. These are related to “seeing as”, defined as the
ability to represent features as diﬀerent meaningful objects, and select
and group objects as relevant structures for the problem at hand. Creative problem-solving, insight and the three types of creativity proposed
by Boden are explored from the perspective of these terms. A set of essential questions to be answered by the cognitive systems discipline from
the perspective of re-representational ability is put forward. Some of the
implications of enabling re-representation and evaluating systems based
on re-representation are then explored.
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1

Introduction

Let’s say you are in an art gallery, looking at an ambiguous modern art piece and
ask a friend what she sees. Her answer might be very diﬀerent than yours and it
might surprise you. Though you might appreciate her answer as interesting, you
might think of it as highly subjective and of her ability to see diﬀerent things
than you in art as not the most extraordinary of skills for survival.
However, the same friend might be with you in a circumstance in which you
have just moved in a diﬀerent place, with little furniture. Her ability to see a
Cup as a potential Flowerpot, a Shoe as a Hammer to put nails in the walls with
and a piece of Dental Floss as a String for attaching paintings to the nails in the
walls might be very useful. Such an experience might make you realize that this
“seeing as” process has some applications to the real world of problem-solving
and it doesn’t come just with the aesthetical pleasure of interpreting art objects,
or delving into other people’s interpretations.
Being able to recognize objects as what they are is important for perception,
problem-solving, general purpose-guided behavior and survival. Being able to
see objects like something else might not seem so straightforwardly useful in the
real world, until connected to the ability to use things in a diﬀerent way to solve
problems, or see problems in a way which makes them solvable.
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In the following, “seeing as” will be treated as:
(i) the ability to represent a group of features as a meaningful object (even if
those same features have been previously seen as a diﬀerent object) and
(ii) the ability to represent a group of objects as a meaningful structure which
can help solve the problem at hand (even if those same features have been
previously seen as a diﬀerent structure).
A connection can be drawn between “seeing as”1 and creativity literature terms
like re-representation, combinatorial and transformational creativity. This paper
will explore the relation between these terms, and describe the interest this
class of processes presents for creative problem-solving, artificial intelligence and
cognitive science.
The rest of the paper is organized as follows. Section 2 describes creative
problem solving as a productive, flexible process and insight as one of its interesting empirically studied high points which sometimes reflects the “seeing as”
description. Section 3 brings forth the definitions of transformational creativity
and re-representation, as proposed in the literature, and shows their common
ground. Important questions to be asked about re-representation are proposed
in Section 4. Section 5 discusses the importance of re-representation for artificial
intelligence, cognitive science, and the evaluation of creative systems.

2

Creative problem solving, insight and “seeing as”

An old philosophical thought experiment attributed to Berkeley [2] asks: “If a
tree falls in the forest, and there is no one to hear it, does it make a sound?” If
we define sound in cognitive terms (not just as physical vibration, but physical
vibration which needs to reach a hearing sensor), than there is no sound unless
organisms with some form of hearing sensors are around.
Similarly, problems do not exist in the physical world, they are an artefact
of the cognitive processing of an agent. Problems only exist for agents that have
goals or experience a discomfort between their needs and the external environment.
Thus a part of the classical view on problem-solving which defines problems
as the “distance from the initial state to the goal state” (Thomas Barkowsky,
personal communication) reflects much more than a computational view. It reflects the fact that the only agents which encounter “problems” are agents that:
(a) are capable of having goals (not necessarily formulated as such, but as good
conditions to exist in) or of feeling discomforts between their needs and the
current state of aﬀairs, and (b) have the ability to diminish such discomfort by
changing their world (or their state or both).
Furthermore, well-structured problems are rarely encountered in the world
[19], with ill-structured problems being the norm [18]. One can look at creative
1

When mentioning the term “seeing as”, the visual domain (visual sensory input,
visual representation or visual imagination) is not the only one the authors refer to.
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problem-solving as an eﬀort made by the solver to bring productive structure to
ill-structured problems [21], with multiple ways of “structuring” being possible.
Such structuring becomes clear when it is an impediment to solving, like in
the case of functional fixedness [7, 12] - which involves being stuck in one of
the possible interpretations of the problem or of the problem’s objects, with no
ability to see other solutions or representations of the problem.
Thus in our understanding, the process of creative problem-solving contains:
1. the ability of a cognitive, natural or artificial system to use new objects to
solve a problem, other than the ones that have been stored in its memory as
tools for that specific purpose (if any), or to create those objects by putting
together objects or parts of objects the system has access to. Depending
on the problem, objects can be either physical or abstract/informational
(concepts, problem templates, heuristics or other forms of representations).
2. the ability to see the problem in a way which makes it fit for or easy to act
on with existing physical or abstract tools.
Both such abilities involve a capacity for representational change and require
processes which aﬀord fluidity in changing representations of features, objects,
concepts, problems and heuristics. In the following, we will sometimes use the
words representing and interpreting interchangeably. This is to show the fluid
nature of the representation process, which involves interpreting a certain set of
stimuli as a certain previously known concept, object or problem. “Seeing as”
can thus be observed at a variety of levels, from ambiguous figures to insight
problem solving.
2.1

Ambiguous figures

In the simple example of the duck-rabbit illusion, two figures can be seen in an
ambiguous image, as shown in Figure 1 a). Let’s say the sensory input set of an
image x is Sx . Thus, all the elements of the image 1 – the duck-rabbit illusion –
are sensory input set S1 . A cognitive agent A viewing the figure might recognize
it as representation r1 – a duck – or representation r2 – a rabbit. Both r1 and
r2 are pre-existing representations in the knowledge base of agent A (KBA ).
The same set of features S1 is interpreted or seen as diﬀerent known representations. Groups of the features in S1 can be seen as diﬀerent or same object
parts. Let’s say that the sensory input S1 is split in 6 feature groups2 , where a
feature group f gx , f gx ∈ S1 , is something which can be easily interpreted as a
known concept by agent A:
S1 = {f g1 , f g2 , f g3 , f g4 , f g5 , f g6 }
These feature groups can be translated into concepts for each representation,
as follows:
2

These feature groups might not be the same for the two representations r1 and r2 ,
as will be seen in the girl-saxophonist illusion in Figure 1 b).
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Fig. 1. Ambiguous figures: a) The duck-rabbit and b) The girl-saxophonist

(i) r1 ⊃ {beak, head, eye, neck, f eathers, back of head}; interpretation via r1
– a duck;
(ii) r2 ⊃ {ears, head, eye, neck, f ur, pout}; interpretation via r2 – a rabbit.
Some of these concepts might overlap, like head, eye, neck, while others are disparate. The eye might take two diﬀerent inclinations depending on whether r1
or r2 is being produced as an overall interpretation, with the dichotomy between beak and ears and the general inclination of the head determining which
figure is being seen. Thus visual groups of features are interpreted as known
representations of animal body parts, with these acting as sub-representations
for the overall representation as a duck or a rabbit. The visual features can be
re-interpreted or re-represented at any time through the other representation
parts and overall representation.
The process of re-representation in this case is a process of mapping from
external stimuli to known representations, as shown in Figure 2. In this process,
the external stimuli are “seen as” a figure or another. It is worth noting that
parsing is a form of interpretation already. This can be seen in Figure 1 b), where
the act of grouping features already makes a diﬀerence in what is ultimately seen
in the figure. Thus grouping all the black features of the left side into a figure
enables us to see the saxophonist, while grouping the black elliptical shapes as
eyes enables us to see the girl’s face.
The process of mapping the sensory elements of S1 first or more naturally
to r1 or r2 can depend on a variety of factors, like: (i) which elements of S1 are
interpreted first; (ii) the ease of access in KBA from initial interpreted elements
to r1 or r2 ; (iii) the strength of r1 or r2 interpretations over keeping together
the sensory elements, etc.
It is worth remembering that neither of the two figures would be available to
us in either of the ambiguous figures examples, if we wouldn’t know about ducks
and rabbits, about girl faces and saxophonists. Antoine de Saint-Exupéry said
that “A rock pile ceases to be a rock pile the moment a single man contemplates
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Fig. 2. Mapping sensory input to diﬀerent representations in the duck-rabbit illusion.

it, bearing within him the image of a cathedral.” [5]. He probably meant to
emphasize the way the motivation and representations held by a human agent
could shape the world. However, conversely, a cathedral is just a rock pile, when
looked at by an agent that doesn’t carry any concept or representation of a
cathedral. The representations that an agent holds constrain the interpretations
that can be bestowed upon a set of external stimuli, as they enable various forms
of grouping and parsing.
Seeing as and re-representation have been shown to play a role in computational models of creative inference. A creative system for object replacement
and object composition (OROC) has been shown to solve the human Alternative Uses Test [24] using re-representation strategies in which unavailable known
objects are replaced with other objects that aﬀord the same task. For example,
OROC makes alternative use inferences like the following: “Dental floss may be
used to hang clothes to dry.”. This is done via ignoring the first representation of
the features needed (which comes from knowledge of the initial needed object)
and branching into other possible representations of the needed features. Thus
needed features are re-represented as other possible objects, enabling OROC to
see dental floss as a clothesline.
Thus “seeing as” or re-representation of given features as diﬀerent objects
(or, in the extended case, seeing groups of objects as diﬀerent problems) can be
applied as a tool for understanding the process of creative problem-solving at
diﬀerent levels.
2.2

“Seeing as” in insight problems

The problem-solving literature [16, 7, 1] describes insight as a process in four
steps: Familiarization with the problem, Incubation, Illumination and Verification. The insight moment (or the illumination stage) is meant to represent a
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moment in which the problem is seen in a solvable way, with the path to solution
becoming clear. It is still debated in the literature [17, 26, 9] whether this process
proceeds in incremental ways or is the product of a “flash of insight” moment.
However, some agreement exists that the solution in insight problems comes
soon after discovering a suitable representation for the problem, which makes
the solution seem straightforward. Whether this representation is a previously
existing one, or one which needs to be created from existing parts can be used
to diﬀerentiate between processes of search and composition in problem-solving
[21].
Two cases of empirical object insight problems can oﬀer an easy example of
how “seeing as” and re-representation play a role in the solving process. In the
candle problem [7], the participants are given a box of thumbtacks, a book of
matches and a candle, as depicted in Fig. 3. The goal is to fix the lit candle unto
a wall in such a way that the wax will not drip onto the table below.

Fig. 3. Depiction of the candle problem

In the two strings problem [16], the participant is put in a room with two
strings hanging from the ceiling, and a variety of other objects scattered around.
A condition of the problem is that the participant cannot touch the second string
while holding the first because of the distance at which they are positioned. The
goal is however to tie the two strings together. These insight problems can be
solved by: a) seeing the thumbtack box in the candle problem (empty and) as
a candle support; b) seeing the string in the string problem as an incomplete
pendulum which can be used to bring the string closer to the second string.
In both of these cases, the participants solving these problems know both
objects - the initial recognized object, and the “seen as” object. Thus participants know of both thumbtacks boxes (r1 ) and candle supports (r2 ) for the first
problem, and of strings (r3 ) and pendulums (r4 ) for the second problem. Solving
the problem is a matter of seeing part of the feature set in the first problem (f s1 )
as r2 , not just r1 , and part of the feature set in the second problem (f s2 ) as r4
rather than r3 .
Thus in such problems, the initial feature set can be represented in multiple ways, but not necessarily at the same time. Both r1 and r2 can be valid
interpretations of f s1 , in the same way in which both figures can be discerned
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Fig. 4. Depiction of the two strings problem

in the ambiguous figure case. The thumbtack box’s interpretation as r1 , and
more generally a container, is made salient by the fact that thumbtacks are
stored in it, and by the way the problem is described. An interpretation of the
same features as r2 - a support for candles, requires accessing knowledge about
other objects that have been previously used as candle support, and a process
of re-representing the same features as that object.
The same process is applied to seeing the string as a pendulum, however the
features which can be represented as a string can only be seen as an incomplete
pendulum. Thus, the creation of a pendulum in the initial set-up of this problem,
which brings in the problem the aﬀordance of setting one of the strings in motion
and not being required to hold on to it, requires also seeing one of the objects
scattered on the floor - the pliers - as the weight which can be attached to the
string to thus construct a pendulum.
Of course, the solutions shown here to these two insight problems have been
anticipated by the designers of this empirical experiment. However, in an open
ended world, with no predesigned solution, creative problem-solving is applied
when the given features of a problem are taken as an ambiguous set, i.e. a set
which can be parsed in various ways and interpreted using various representations by the agent. It is worth noting that any such interpretation under a
diﬀerent representation can bring forth diﬀerent heuristics, implicit knowledge
or ways of solving the problem, which are associated with that particular representation, in the same way in which building a pendulum brings into the problem
the aﬀordance of a certain type of motion. Thus re-representation transforms the
way we should look at the problem-solving process in general.
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2.3

The interpretation, representation or “seeing as” step in
(creative) problem-solving

The previous examples show that the problem and its structure depend on the
representations of the solver. Thus classical problem-solving, which defines a
problem as:
- An initial state;
- Operators or successor functions which define reachable states f(x) from any
state x;
- A state space, constituted of all the reachable states based on applying the
operators to initial states in whatever sequence;
- Paths - sequences through the state space;
- Path cost - a function used to evaluate the best heuristics;
- Goal state or goal tests (to determine if the goal state has been reached) and
- Heuristics which can be appraised on their success and optimality,
can be refined as to allow for the initial interpretation or representation of
the problem, and its future potential re-representations, by containing:
- An initial set of features;
- An initial set of representations in the knowledge base of the solver;
- Interpretation steps which act upon the set of features (seeing as), translating
them into representations of what the objects are, what the salient elements
are, what the problem is;
- This yields an initial state, with attached operators and paths (the operators
known or strongly associated by the problem-solver to those representations);
- The next steps are applied as in classical problem-solving. If the process is
not successful: a) restart at the interpretation step (re-represent features,
objects, what the problem is) or b) change currently held representations or
c) bring new features in.
A problem can thus be represented via a set of problem spaces, which can be
created using the representations of the solver, where these representations can
themselves be changed as to accommodate the problem. In the case of successful
creative problem-solving, the representation of the problem as one of these sets
brings forth the solution. Thus one set contains a path to the goal, or can be
adapted such that a path is created.
Considering this, the likelihood of success might increase in the case of: a)
many representations in the knowledge base of the solver; b) an ability to fluidly
translate between these representations as to adaptively use diﬀerent representational tools for the problem at hand and c) an ability to modify promising but
incomplete/imperfect/not fully fitting representations as to suit the problem.
Thus, for any set of sensory features and objects which might constitute
the problem, the objects seen and the structure (or problem templates) applied
depend on the knowledge base of the solver (KB), the representations it holds
(R) and its ability to navigate between a representation and another via various
processes (like the ones proposed in [21]).
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Furthermore, as mentioned before, “seeing as” pertains to the ability to incorporate a set of features received via sensory input in a known object, concept
or representation. This can be done equally well in other domains than the
visual - one can hear a particular musical theme in pianissimo with a particular pitch contour as a caress; one can hear another string of notes as someone
approaching. Multimodal re-representations are thus possible as well. Finally, rerepresentations don’t pertain to objects alone, but can apply to entire situations,
groups of objects and actions, and entire mental models.
It will be an interesting challenge for artificial intelligence to enable systems
with the capacity of changing the way they represent things, and the ability
to see objects, concepts and problems (or parts thereof) as diﬀerent possible
objects, concepts and problems3 .

3

Re-representation and Boden’s types of creativity

Restructuring has been proposed in theories of insightful problem solving as the
process of changing the initial problem representation, as to find a productive
representation which makes the solution (or solution path) obvious [4, 7, 13, 20].
Thus according to Batchelder and Alexander [1], in insight problems: Likely
initial representations are inadequate in that they fail to allow the possibility
of discovering a problem solution.[...] In order to overcome such a failure, it is
necessary to find an alternative productive representation of the problem. Here
we consider restructuring and re-representation as similar processes.
Boden [3] describes creativity as “the ability to come up with ideas and
artefacts that are new, surprising and valuable”. Boden proposes three styles
of creativity: combinatorial, exploratory and transformational. The combinatorial style, in her words, “involves making unfamiliar combinations of familiar
ideas. [...] Think of a physicist comparing an atom to the solar system [...]”
Exploratory creativity is related to conceptual spaces as “structured styles of
thought”. Thus, “Within a given conceptual space, many thoughts are possible,
only some of which may actually have been thought.[...] someone who comes up
with a new idea within that thinking style is being creative in the second, exploratory sense.”. Boden defines transformational creativity as “someone thinking something which, with respect to the conceptual spaces in their minds, they
couldn’t have thought before. [...] (the preexisting style) must be tweaked, or
even radically transformed, so that thoughts are now possible which previously
(within the untransformed space) were literally inconceivable”.
In order to allow for a comparison between Boden’s creativity styles and
re-representation, all three styles will be taken into account. Thus let’s say
“structured styles of thought” are the norm, and these are the equivalent of
the representations one has and is used to navigating in a particular manner
when thinking. One might of course come up with a new idea which one has
not yet thought of and is surprising. However, when a moment of combinatorial
3

This relates to the human capacity for interpretation and to artefact interpretability,
which will be further discussed in Section 5.
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creativity arrives - if a physicist compares an atom to the solar system - this is a
case of “seeing as” - and therefore a possibility of re-representation. What might
not be so obvious is that a) some processes have already allowed this seeing as
(like structure mapping, or noticing similarities); those microprocesses are representative for creativity and b) such “combinatorial creativity” moment might
very well be what enables further “transformational creativity”.
Thus, exploring further this re-representation of an atom as the solar system,
one can transform the conceptual space of what an atom is. Initial representations and ways of thinking about those representations are transformed in the
same way by exploring how the structure of the benzene molecule can be seen as
an Ouroboros snake or a tibetan knot, or how one could apply form principles
from preclassicism in atonal music.
Seeing the world as made of rabbits when the other people see it as made
of ducks can shape the way one proceeds when dealing with the world. Thus
engaging in exploratory creativity from a diﬀerent set of representations might
indeed transform the conceptual space, especially if the rabbit representation
proves more productive (better traps are used for whatever the actual animal
that is hunted is, more things can be understood and confirmed in practice with
the new mental model of the atom, etc.).
The transition from one representation (of the same object, set of objects)
to another allows for transformation and further exploration. Thus, in this view,
re-representation is a key process in transformational creativity, be it that such
re-representation happened overtly or covertly.

4

Questions to be asked

Various questions are of productive interest for the computational study of creative problem-solving. This section proposes the following:
Q1 - How can representation be changed in a cognitive system?
Representation is questioned as a concept in cognitive science, in terms of types
and existence. This type of inquiry studies what the neuro-cognitive reality of
representation is aside from the phenomenology of it (with some authors even
debating there is one).
From the general perspective of creativity, a more important question is that
of how relations between representations are formed, how representations of
formerly singular entities can be blended [8], how structures of various representations can be mapped in analogy [10] and metaphor [14, 15], or combined,
searched and made to converge [21].
At the level of insight, re-representation and transformational creativity, the
question of interest refers to the way a cognitive system could operate with: a)
a set of sensory inputs and/or b) previous existing stored memories, in order to
see them as forming diﬀerent objects and diﬀerent sets of problems with aﬀerent heuristics. To further study this transition between possible interpretations
requires enabling systems with fluidity in structuring and re-structuring representations of stimuli, and representations of previous representations (and also
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understanding the way this happens in natural systems). In the case of creative
cognitive systems, representations are not to be regarded as fixed and unique,
but rather as changing entities which adapt to the needs of the problem at hand,
recruiting material from other existing stimuli or from previous knowledge.
Q2 - What kind of memory could eﬃciently support processes of
productive thought and alternate representation in cognitive systems?
The question of changing representations has direct implications on the way
artificial cognitive systems should be planned, the design of their knowledge
representation structures (and processes, as adressed in the next question). Fluid
representations might require a precision trade-oﬀ on the storing information
(memory) side.
This is encountered in human memory in various ways (e.g. in constructive
memory, shape bias). Data structures capable of such features need to be enabled
in order to eﬃciently allow representation change. Such memory/data structure
design might be the first step in creating eﬃcient processes which are able to
transgress domain boundaries and gather diﬀerent knowledge, thus lifting the
burden of functional fixedness and enabling new productive solutions.
Q3 - What kind of processes can deal on a large scale with such a
memory search, as to put together very disparate information ?
Mechanisms for analogy [10, 11] and metaphor [14, 15] have been proposed.
Mechanisms for associative, similarity and structure-based search and replacement [21] have also been proposed. More empirical evidence needs to be gathered
on (i) what such mechanisms are in natural cognitive systems and (ii) what are
their diﬀerent classes. More experimental settings which can investigate these
processes and compare them need to be designed. From the AI perspective,
various comparable mechanisms can be implemented, and help the testing of
cognitive hypotheses.
Attempting to answer these questions in computational and empirical ways
can yield future important lines of investigation, including: complexity in creative problem-solving, what impairs re-representation on a wider scale in humans, the relationship between representation and process in problem-solving,
the relevance or irrelevance of phenomenological “aha” eﬀects in insight, how
associative and remote search processes are controlled, etc.

5

Discussion

Re-representation and “seeing as”, with their relation to combinatorial and
transformational creativity as defined by Boden, are important for both artificial intelligence and cognitive science, because of the foundational questions
they pose. Thus, questions Q1, Q2 and Q3 are fundamental questions about the
nature of representations, representation organization and processes. For artificial intelligence, they refer to the representations, data structures and algorithms
we need to enable to obtain creative, creative-like or creativity assistive systems.
For cognitive science, they bring us back to fundamental question of represen-
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tation, process and their interdependence, allowing us to study them in a new
context.
Creative computational systems are assessed in a variety of ways [3, 25, 27],
be it from the perspective of process, from that of novelty, through human judges
or by comparability with human responses in similar creativity tasks [23, 24].
However, in the light of the previous sections, perhaps a metric should be established which related such creative systems to “seeing as” and re-representation.
In this vein, two possibilities are proposed here:
(a) a metric which measures the ability of a system to re-represent features as
objects, concepts, sets of objects, scenes, problem templates;
(b) a metric which measures the possibilities of the work created by such systems
to be re-represented.
Point (a) is self-explanatory after the previous reading, however a methodology would need to be put in place. Point (b) refers to supporting (natural and artificial) critics of creativity to assess creative systems, based on the breadth of interpretation their products have. All the ways in which such an artefact/product
could be seen might be hard to map. However, a work which can be seen in multiple ways might oﬀer the possibility of multiple interpretation4 , in the same way
in which an object oﬀering similar re-representation possibilities might generate
multiple uses.
Acknowledgments. The support of the Cognitive Systems group and of the
Impulse program at the Universität Bremen is gratefully acknowledged.
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Abstract. Classical thinking on information and informativity considers the informee as a perfect information receiver. However, when studying productive natural and artificial cognitive systems, cognitively based
models of informativity need to be formulated. Three factors relevant
to cognitive informativity measures are proposed: Input, Coherence and
Generativity (ICG). These factors take into account the type of Input
which can be stored, the Coherence of the system after acquiring the information, and the Generativity of the system after the new information
was integrated.
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1

Introduction

Various ways of thinking about information exist [29, 7], which imply diﬀerent ways of measuring informativity. Between information as data communication, and information as semantic content, informativity either considers data
in its probabilistic nature and ability to surprise the informee 1 [28], or its wellformedness, meaningfulness or truthfulness.
However, such informativity measures seem to consider the informee as a perfect information receiver - one that can comprehend, memorize and utilize whatever information it is given. This does not cover the perspective of productive
natural or artificial cognitive systems, which enter any information gathering act
with cognitive economy priorities, computational constraints, and which dynamically use information and their knowledge in order to produce more knowledge
and create new artifacts.
The measures of cognitive informativity proposed here stem from general
cognitive principles of information representation, structuring and processing.
They reflect the subjective nature of every informational act as involving the
1

The information receiver.
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interaction between the informant 2 and an individual informee. Any individual
informee is seen as a cognitive system. Far from being an empty vat, an informee
already holds various types of knowledge structures, which can be used for (or
stand in the way of) the acquisition of new knowledge (the Input factor).
Furthermore, the consequences of the informant being integrated in the knowledge base (KB) of the informee can vary, depending on whether such added informant makes the knowledge base more coherent, easier to navigate, or adds to
its entropy (the Coherence factor).
Finally, as we consider the capacity of a cognitive system to be productive
(i.e. able to creatively solve problems, create new artifacts, make new inferences)
to be essential, the third factor in this cognitive informativity model relates to
whether the informant leaves the informee with a better or worse ability to
generate new cognitive artifacts (the Generativity factor).
The main contribution of this paper is thus to lay the foundations for a model
of cognitive informativity under the general paradigm of productive cognitive
systems.
Ways to evaluate computational creativity systems have been proposed [32,
26, 25, 4], however they deal with the assessment of an artefact or a process as
creative, not with the impact an informant has on the generativity of a system.
Steps towards the cognitive modeling of creativity have been made [30, 22, 23],
some of which propose approaches in which structure is relevant. However, the
impact a new informant has on the knowledge base of the informee has not been
assessed from the perspective of cognitive creative systems.
The rest of this paper is structured as follows. First, arguments from cognitive science and AI which support the direction of the cognitive informativity
measures further proposed are presented in Section 2. Based on these arguments,
an initial analytic toolkit is layed down in Section 3.
Taking into account the information already present in the informant’s knowledge base and its structure, three main factors relevant to setting cognitive informativity measures are described - Input, Coherence and Generativity. Each
of these factors is then analysed in turn, together with ensuing possible informativity measures (Sections 4-6). Implications of the model are discussed and
further work proposed in Section 7.

2

Setting the stage

To further clarify why cognitive informativity measures are necessary and set the
analytic toolkit for defining important factors, in this section: (1) the case for
structured representations in AI and cognitive science is discussed; (2) primary
tools for estimating measures of informativity are presented and (3) the diversity
of ways of knowing available to a cognitive system is discussed and exemplified.
2

The information transmitted.
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3

The case for structured representation

Structured representations are posited quite often in cognitive science and artificial intelligence. Depending on (i) the task the system needs to solve (in AI), or
(ii) the task the system solves in a manner which needs understanding and explaining (in cognitive science), such representations range from image schemas
[14], frames [16], scripts [27], to spatial templates, conceptual spaces [8] and
mental models [12]. All such terms make the case for structured representation,
which has implementation, modeling and comprehension value in cognitive systems. They also point towards the need for structure and coherence in a cognitive
agent’s knowledge base.
This structure might be an empirical reality of human minds, or simply an
artefact of the quest for modeling cognitive systems (a debate which won’t be
engaged here). However, analysing the interaction between such representational
structure and information that enters the system can be useful in formulating
cognitive measures of informativity.
2.2

Using representation structure for measures of informativity

Natural cognitive systems generally have knowledge bases which are dynamic
and plastic [24, 3]. This supports their ability to learn, to recall and change information previously held. However, acting on and manipulating this knowlege
base, which can be thought of as long-term memory, encounters the bottleneck
of working memory [1]. Thus research on cognitive load [31] and processes of productive/creative thought like analogy [9, 11] and metaphor [13] indicate that new
information is often compared to information previously held in the knowledge
base, and the ability to ground previous information in older structures generally helps comprehension, the knowledge acquiring process and the production
of new information.
To add new information to the system, the nature and structure of the previously held information is thus relevant. In order to propose cognitive measures of
informativity which can define the impact a piece of information can have on a
cognitive system, metrics which reflect the structure and elements of information
held in the initial knowledge base of the system are needed.
No normative comments on what such representation structures should be are
made here. However, a theoretical framework with hybrid representations which
can be used to further define informativity measures has been described [20, 21]
and will be used as a further tool for the following examples. We summarize
some of the principles of this framework in the following.
Take a cognitive system A, with a set of sensory modalities S and S1 , S2 , ...Sn ∈
S. The features encoded through such sensory modalities are categorized in feature maps, depending on the sensory modality they elicit. Such feature maps are
then used for comparison whenever encoding or recognizing a new but similar
object, and help future creative problem-solving endeavours of the cognitive system [20]. Each object seen is an activation of sensory features in these respective
feature maps. These maps can contain knowledge of color, shape, motion and
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any other thing which can be gathered via sensory input, including information
on the state of the agent. Objects and other concepts are further encoded as representation structures RS [20]. From the knowledge representation perspective,
both concrete and abstract concepts are collections of data (activation of features spaces) which cluster in a viable RS (viability is defined below). Abstract
concepts and more complex representation structures are anchored on other concrete concepts. Furthermore, these can be assembled in meaningful groups of RS
based on context (what objects are encountered together), consequence (what
happens if a particular motion is initiated with specific types of objects) and include interpretations for the agent (what the consequences of particular strings
of events or spatial positioning of objects, etc. will be on the goals and needs of
the agent).
From this perspective, a new informant can be:
(i) a new concept - which will normally create a new RS;
(ii) information on a previous concept - which adds to a previous RS or in
other ways rectifies already held information;
(iii) a new higher level RS which is added based on already held concept(s)
- e.g. A learns to use previously known objects/concepts in the context of a new
problem;
(iv) a higher level RS is modified - e.g. A learns new consequences for a
previously held routine, or learns to integrate a new object in that routine, etc.
Learning new concepts or higher level representations structures like in (i)
and (iii) is a costly process, and various prerequisites might need to exist for
this, like the concepts for encoding the higher RS (see Section 4). Modifications
of previous RS like in (ii) and (iv) might depend: on a) the strength of encoding
of previous information or b) the strength (measured as importance or salience)
of the new information shown. Generally, the pre-existing structure of the KB
might play a determining role on whether the informant can be integrated (see
Section 5).
This framework of representation is general enough to allow further adaptation and thus support the discussion about informativity measures in various
systems, cognitive architectures and the human mind. To explain the proposed
cognitive informativity measures, representation structure (RS) will be used as
a base unit (with the plural RSs), where a viable RS is a stable, meaningful,
useful set of features in the knowledge base of the system or agent.
These viability constraints to representaton structures stand for a bare minimum, and might be incomplete. This is a short description of each:
- A RS generally has to be stable - it can be encoded with ease by the system,
no strong competition exists in parsing the features in the subsymbolic plane in
a diﬀerent RS. This is a noteworthy point as various interpretations of the same
sets of features can exist, as illustrated by bistable perception [15].When the
representation structures build on pre-existing concepts, diﬀerences in encoding
at lower levels can propagate upwards in abstract concepts or higher level representation structures. Furthermore, higher RS might be encoded in diﬀerent sets
of concepts from agent to agent. However, stable representation seems to be the
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norm, possibly based on neural and cognitive economy grounds, with changes in
representation being the event.
- A RS has to be meaningful - representation structures are place holders for
something in or about the world (which includes the agent itself, its interaction
with the world and internal world), or about other RSs. The agent uses RSs
to make sense of the world. Their degree of accuracy does not necessarily overlap with their meaningfulness, as such placeholders are needed by the cognitive
system for a world interpretation3 . Some RS can be more meaningful (and thus
more influential) than others, gathering together an interpretation of the world
and the position of the agent in it, or holding a keystone role within the system.
- A RS has to be useful. This reflects the overt or covert interest of the
agent in acquiring or creating that RS. Such usefulness can be reflected at many
levels: thinking about the world and understanding it (meaningfulness), solving
problems (functional), creating new artifacts (expressive), some of which solve
problems (expressive/functional).
2.3

Ways of knowing

Various ways of knowing an object or concept can be accounted for by: (1)
diﬀerent sensory experiences, (2) diﬀerent types of knowledge representations,
(3) diﬀerent associative links and (4) relations encoded for those representations.
For example:
(1) Agent A1 knows object O1 with sensors S1 , S2 , while agent A2 knows
object O1 with sensors S2 , S3 .
For example, let’s take O1 (KBAX ) to represent the knowledge agent AX has
in its KB about object O1 . If A1 = John, A2 = M ary, O1 = curtain, S1 =
size, S2 = color, S3 = texture:
- curtain(KBJohn ) ⊃ {200cm∗220cm, orange5 4 } – John has seen the curtain
in someone’s house but didn’t touch it.
- while curtain(KBM ary ) ⊃ {orange6 , sof t3 } – Mary has seen an touched a
sample of the curtain in a catalogue;
(2) Even if sensor S2 is shared, feature f(S2,O1) can be categorized in KBA1
and KBA2 in proximity to diﬀerent features, depending on what else each agent
already knows/stores.
Thus, in our example, the orange perceived by John might have been classified
close to bright orange or the color of another concept - fire, while Mary might
classify it as Salmon orange or next to pink ;
3

4

If no other RSs are known, or the cognitive cost of replacing them is too high,
possibly by having a knock-on eﬀect of destroying (entire systems of) other RSs,
RSs might be kept in place even when proven wrong by the environment. Errors of
judgement and biases are common place for natural cognitive systems. This points
to meaningfulness being and important requirement (and possibly more important
than truthfulness.)
Shades of color and texture are represented here with numbers as to reflect their
perception by a visual or tactile sensor.
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(3) Encoding of f(S2,O1) in diﬀerent places in the sensory map, and in diﬀerent
object contexts yields diﬀerent associative links in KBA1 and KBA2 .
Thus for John this might yield an association to sunset, while to Mary an
association to candy.;
(4) Such diﬀerent encoding can predispose future ease of access, making
f(S2,O1) easier to interpret by diﬀerent relations, out of which its embedding
in further RSs might depend.
Thus John might want the curtain for his bedroom, while Mary might think
through her association to candy that it is only appropriate for a child’s room.
Knowing size might enable John to come up with the creative use “can be used
as a rope” for the curtain. While knowing texture, Mary could come up, for the
same curtain, with the creative uses “can be used wrapped as a pillow, or to clear
leaks if nothing else is in hand”.
Cognitive systems are dynamic systems which can represent various properties of the objects at hand, depending on their own goals, interest, context, or
recent biases. Conversely, various ways of knowing a property can be anchored in
knowledge about diﬀerent sets of objects or more concrete concepts which contain that property. In a sense, knowledge about any object is always incomplete
- as further knowledge could always be collected if one would possess a diﬀerent
type of sensor, would have studied the object from a diﬀerent angle or would
know about other significant functional relations of the object to other objects.
This makes human communication imprecise, however it doesn’t impede it. It
just emphasizes the fact that two agents that both “know” the same object,
might hold overlapping but diﬀerent types of information and context about it.
From the perspective of productive cognitive systems, this imperfection in
communication has problem-solving advantages. Thus, informants transmitted
by A1 to A2 might not be considered in the same knowledge configuration, but
might fit RSs held in KBA2 and help solve a problem Px for A2 , which they
wouldn’t have solved for A1 due to the way the informant was embedded in
KBA1 or its representation structures.
One could retort that, as the knowledge in artificial cognitive systems can be
(in many encoding paradigms) examined, two artificial agents can indeed bring
the same knowledge, representation structure or interpretation of an external
object to the table, and that in this case, the grounding of the object is perfectly
equivalent (the agents are both talking about exactly the same thing). However, if
these systems apply cognitive processes which include an ability to comprehend
knowledge in relation to other knowledge held in their knowledge base, this
equivalence depends on how each object is positioned within the KB itself,
what other knowledge is closely related, what other objects are similar, etc.
Two artificial systems would need to have exactly the same knowledge in the
same knowledge base structure to be equivalent. This could very well constitute
a case 0 of perfect communication (requiring 0-change for comprehension), in
which cognitive informativity measures would be irrelevant, and receiving an
informant would have an equivalent impact on both systems (due to their similar
knowledge structure).
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Principles of organization for a cognitive account of
informativity measures

Some subjective matters relevant for any information-transfer accounts are left
aside in the following.5 The account of informativity proposed here is based
on a comparison between the informant and knowledge already present in the
cognitive system, its organization and productive capacity.
In the following, three factors that such an account needs to address are
proposed and discussed. These three factors are:
1. The ways in which the information can be added to the system;
2. The coherence in the system;
3. The generativity of the system after the information addition.
Adding information to a cognitive system presupposes the system’s ability
(and sometimes interest) in encoding it. Here, the subjective matter of the system’s interest is not addressed, only its ability and the eﬀort required to encode
the informant based on its sensors, the grounding hypothesis and organization
of the knowledge it already holds.
The coherence in the system’s knowledge base involves both lack of contradictions and the ability to integrate and connect new and old information. This
is relevant to the system’s further ability to utilize the informant, or the parts
of the informant it has managed to integrate. This factor points to general measures of informativity which assess the impact the informant has on the structure
and connectivity of the knowledge base.
The generativity of the system is its ability to be productive (of artifacts,
solutions, ideas). Under the generativity factor, a measure of informativity is
proposed that reflects the change in productive capacity of a system after it has
received a particular information.

4

Adding information to a cognitive system (Input)

Developing on previous accounts of the grounding problem [10] and hypotheses of
how such grounding can be solved [2], in order for a cognitive system to be able to
represent, understand, memorize and utilize information, such a system needs to
be able to ground this information in sensory modalities or in previously acquired
knowledge. This points to two main question clusters about the informant which
are relevant from the cognitive system’s perspective:
1. Is the information groundable in the system, or representable by diﬀerent
information structures? Does the information fit pre-owned structures? Do
the elements necessary for encoding the new piece of information exist? With
how much accuracy can the new information be encoded by the RSs in the
knowledge base? (the stable anchoring question)
5

These include, but are not limited to: goals of the system that receives such information, its previous biases, current mood - an exploration-learning wide-focus versus
exploitation narrow-focus, etc.
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2. Is the information a new RS, does it present features of previous RSs, or does
it built upon them at a higher, more abstract level? (the type of informant
with raport to knowledge organization question)
The first question asks whether elements required for representation are
present (anchoring perspective). The more elements present, the easier the information will be represented and therefore memorized and comprehended. The
easier the information is represented, the higher level RSs can be built on top of
it. The first question also refers to whether competitive RSs might exists, which
might prevent such easy representation and grounding. If the informant is too
close to something the system already holds in its knowledge base, or provides
a concurrent but diﬀerent representation or interpretation, this might restrict
access to the previous knowledge, or it might prevent categorization.
The second question addresses where the informant can be embedded in the
knowledge base of the system. In this context, eﬀort of such embedding can be
discussed. Such eﬀort has to take into account: (i) sparsity of data; (ii) competition in categorization in the knowledge base in which the encoding is done
(after the previous question has decided whether the encoding is at all possible),
and (iii) the amount of data that needs encoding. Thus acquiring an entire new
RS versus acquiring a feature for a previous RS might be comparable, from the
information-processing perspective, to the costs of adding a new class or datastructure in an already working program, versus adding a new instantiation of a
former class. However, due to specific categorization-competition constraints in
cognitive systems, encoding an entirely new RS might be easier than encoding
and using an RS which competes with already encoded RSs, because of the reorganization necessary in the knowledge base to accomodate the new informational
refinement.
A non-exhaustive list of feature-RS and RS-RS fitting examples is presented
in the following:
(i) new feature fy fits previous unfitted but present slot in RSx
(ii) new feature fy can be added in a coherent non-competitive manner to RSx
(iii) new feature fy fits RSx but as a consequence RSx has to change;
(iv) new feature fy competes with already encoded feature fz in Rx ;
(v) new RSy can be anchored in elements already present in the KB (e.g. fits
fa , fb , fc ), without competition;
(vi) new RSy can be anchored in elements already present in the KB (e.g.
fits fa , fb , fc ), and is necessary for grouping these element (compression
constraints) or solving a problem;
(vii) new RSy can be anchored in elements already present in the KB, but
will encounter competition from RSz which is a diﬀerent interpretation or
category anchored in overlapping elements;
(viii) new RSy fits higher level RSz , etc.

5

The Coherence in the system

Coherence in the system can be a measure of both the system’s lack of internal
contradictions, as well as a measure of the system’s general connectivity. The
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latter is addressed in the following, because of its relevance to productive systems. Coherence (as connectivity) in a system is responsible for easy navigation
or flow between encoded pieces of knowledge. This impacts the system’s ability
to search for information, manipulate it and change it in a productive manner.
Let’s say a system uses links between its representation structures to navigate
its knowledge base. Various types of such links can be envisaged: (i) associative
links (RSa is like RSb in some way), (ii) relational links (which put two representations in a relation to each other), (iii) functional links (which help express
a RS through a set of concepts or other RSs), etc.
Whether the coherence of the system is increased or decreased with the addition of new information should be an important factor in assessing an informant’s
impact on a cognitive system. Confirmation bias [18] and cognitive dissonance
[6] show that cognitive systems generally aim to keep a high level of coherence.
Attaining a higher level of coherence can make the system more productive: a
RSx which associates with an older RSa so that a N ewLink(RSx , RSa ) is produced, might provide new avenues to navigate the knowledge base, while a RSy
which produces a new association between two previous representation structures RSa and RSb , so that N ewLink(RSa , RSy , RSb ), will increase not just
coherence but might make the system able to construct a new representation
structure Rz = N ewLink(RSa , RSy , RSb ).
Informativity measures of a particular informant might be computed here in
terms of the state of the associative, relational or functional links in the system
after the informant has been integrated. Take the number of such links in the KB
of agent X at time ty to be represented by N oOf Links(KBX , ty ); the size of a
particular RSz at time ty to be represented by LengthOf (RSz , ty ) and the number of unconnected RSs in KBX at time ty to be N oOf U nconnectedRSs(KBX , ty ).
An informant providing higher coherence could have as a consequence:
N oOf Links(KBA , t1 ) >= N oOf Links(KBA , t0 );
LengthOf (RSz , t1 |RSz ∈ KBA ) >= LengthOf (RSz , t0 |RSz ∈ KBA )6 ;
N oOf U nconnectedRSs(KBA , t1 ) <= N oOf U nconnectedRSs(KBA , t0 );
when t0 is the previous and t1 the consequent time state at which the coherence of the KB is assessed.
However, coherence decrease might also be beneficial long-term, even if it
increases the short-term entropy of the system, or it leaves the system with too
many open questions. Knowing pieces of information in other fields might open
the system for future grounding of novel information, while a system that is
completely coherent might also be closed due to its stability. However the eﬀort
of encoding and holding in memory unconnected pieces of information might
initially be greater, despite their possible further uses. Cognitive systems could
futher be defined through the individual threshold they put on lack of coherence.
New information can change the structure of the system’s knowledge base
(and its emphasis). Thus an important question in terms of knowledge base
integration is whether a new informant: (a) adds to existing structure, (b) helps
6

Note that this does not even start to tackle the diﬀerences in structure between RSz
at time t1 and RSz at time t0 .
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connect it further or (c) helps parse it in any diﬀerent way. Information that
helps re-representing or re-interpreting older information (adds to the ways of
restructuring) would be particularly important from the generativity factor point
of view of productive systems.

6

The Generativity in the system

As mentioned earlier, information that helps future restructuring [5, 19] can be
useful for future dynamic progress of the system, and for its productivity - for
its ability to see objects and events of the world in a diﬀerent interpretative
light, and come up with new representation structures that solve problems or
otherwise generate useful artifacts.
Generally speaking, generativity is a matter of how much more new information can be produced by the system. This can be taken to mean how many new
information-combination structures (that are stable) are possible, but also what
possibilites of discovery of new unknown elements are made available through
bringing forth more flexibility in restructuring the old KB in new ways.
Thus new combinations can be achieved through transfer of previous RSs to
new feature sets, or learning new RSs which can interpret previous feature sets.
Others are combinations of previous RSs. Such processes might be spontaneous
or serendipitous, they might be due to cognitive and/or environmental context,
emergent due to overlapping features, or belabored. Some new combinations
are not complete - they point to higher-arching RSs that miss elements, thus
revealing gaps in knowledge.
One could consider all such possible new structures to represent the generativity capital of the system. However, in reality, due to cognitive economy
principles, such transfer is hard without previous connectivity in the system. A
RS will rarely be transferred to completely new features, unless it fits them in
an unusually stable way. Two RSs might rarely connect without some previous
common features or some overarching new RS that comes as a response to a
problem. The Coherence factor might thus have instrumental consequences on
the Generativity factor.
In conclusion, the impact of a new informant on the generativity of a productive cognitive system can be assessed using questions of the following type: given
the original structure of the system, does the informant contain new features or
RSs such that:
–
–
–
–
7

new (stable, meaningful, useful) RSs or external artifacts can be produced?7
new connections are possible?
new elements might be revealed as unknown?
new restructuring possibilities appear? etc.

A cluster of connections might not yield a full blown representation structure, but
with the help of external expression and cognition, they might be compelling enough
for the cognitive system to explore, thus leading to new productive processes.
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Discussion and further work

After describing the Input, Coherence and Generativity factors, a tentative definition of cognitive informativity, based on the relation between the information
transmitted and information receiver, can be made. Thus cognitive informativity
as defined so far is a measure of (i) the eﬀort required to ground and integrate
the new information, (ii) the changes that occur in the knowledge structure of
the informant and (iii) the influence this information has on the productivity of
the system.
One might ask what the purpose of such informativity measures might be,
considering that the knowedge base of natural cognitive systems could be very
hard to estimate.
First, as we work towards artificial cognitive systems that can at least mimic
if not implement some of the adaptive powers of their natural counterparts, it
is important to remember that the knowledge in such systems can be measured
(and so is coherence, generativity) - therefore such cognitive informativity measures can be applied to artificial systems. For example, in the case of OROC [23],
adding knowledge about a new object to the KB might provide further generativity to the system. As OROC uses knowledge about similar objects to infer
aﬀordances, if an informant concept c4 (a flowerpot) is of a similar shape and
material as a known object c3 (a cup), but has an aﬀordance which is unknown
to the system (to grow flowers in), OROC will make the creative inference that
the older known object c3 might be used in the same manner, coming up with
the creative use “Maybe we can use a cup to grow flowers in.”. Thus OROC’s
generativity will increase when it receives informants that can be coherently integrated within its KB. In OROC, such changes in generativity and coherence
could be measured.
Second, an open discussion of the limits implied by imperfect informativity
might bring further analytic tools for the learning sciences, processes of communication, communication theory and HCI. A first estimate which compares the
initial knowledge base of the informee to the informant can yield further assessments of the ways in which the informant should be communicated, or previous
representational structures can be put in place, thus smoothing the communication or learning process, making clearer the possible gaps of knowledge and
significantly increasing the informativity of the informant.
Third, if the information processing metaphor is taken quite far into the
cognitive science ground, the principles of cognitive economy and measures of
computational complexity could imperfectly align to be each other’s counterparts. This means that one should think about computational complexity under
a bounded rationality paradigm, in terms of generativity (what avenues can a
cognitive system explore), rather then perfect variants (given enough memory
and time, can a system get there). This perspective centers on the informativity
a system can obtain from its environment given its internal structure (thus it is
individualized and goal-oriented). Artificial agents with limited knowledge and
defined knowledge structures, processing in real-time noisy environments could
strongly benefit from it.

12

Ana-Maria Olteţeanu

The purpose of this paper has been to introduce the idea of a need for cognitive measures of informativity for productive systems, and to propose a model
based on three factors which aﬀect cognitive systems - Input (grounding), Coherence and Generativity. This introduction can benefit from further work which
will formalize in a rigorous manner the measures of informativity proposed here
as a function of each factor.
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Abstract. 3URFHHGLQJIURP*RJXHQ¶VFRQFHSWRIproof-events, or provings, understood as spatial and temporal experiences, involving particular communities
of at least two agents, that generate proofs presented in different styles, we attempt to analyze the communicative functions of mathematical proving styles.
To this effect, we appeal to 5RPDQ-DNREVRQ¶VFRPPXQLFDWLRQPRGHO and suggest a modified version specified for use in the medium of mathematical proving.
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1

Introduction

Mathematical proof is a fundamental concept in mathematics (Halmos 1980; Mac
Lane 1997), underlying the whole history of mathematics (Vandoulakis, I. M.,
Stefaneas, P. 2013a), in spite of the varieties of views on what a proof is and what has
it been in history (Vandoulakis, Liu (Eds), (forthcoming)).
Since the seventeenth century, the concept of style of thinking started to be used
and discussed by mathematicians, natural scientists and art-theorists7KHWHUP³VW\OH´
was used to refer to DQ DXWKRU¶V SDUWLFXODr method or manner of writing (manière)
(Chasles, 1837, §18, 207-208), to general tendencies characterizing certain communities and historical periods (Chevalley 1935, 375), to morphological features of whole
epochs (Winckelmann, 2006) or cultures (Spengler 1919), or to complex distinctive
features of fundamental physical theories (Born 1953), or to individual styles that
express different mathematical cultures (Gowers 2000)1.
By the end of the twentieth century, the concept of style of scientific thinking or
RWKHU VLPLODU FRQFHSWV VXFK DV 7KRPDV 6 .XKQ¶V ³SDUDGLJPV´ .XKQ   ,PUH
/DNDWRV¶³VFLHQWLILFUHVHDUFKSURJUDPV´ /DNDWRV HWFVWDUWHGWREHDOVRXVHGLQ
history and philosophy of science (Mancosu, 2010). The concept of style is the corQHUVWRQH RI $OLVWDLU &DPHURQ &URPELH¶V -1996) monumental work Styles of
Scientific Thinking in the European Tradition. Style is commonly understood as a
1

For more details, see (Vandoulakis, I. M., Stefaneas, P. (forthcoming)).
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FRQFHSW FORVH WR ³PHWKRG´ ³PHWKRGRORJ\´ ³ZD\ RI UHDVRQLQJ´ &URPELH  , as
³ZD\RIZULWLQJ´ 3HFNKDXV , or as a mode of comprehension and communication of mathematical experience (Granger 1968).
Proceeding from *RJXHQ¶VFRQFHSWRIproof-events (Goguen 2001), we suggested a
definition of style as a meta-code (Stefaneas, Vandoulakis 2014). We proceed from
the concept of proof-event (instead of proof), because it includes the notion of communication between (at least) two agents. We explored how this concept can be used
in case studies from history of mathematics, focusing on the communication between
agents participating in a proof-event and highlighting the role of style in facilitating or
obstructing understanding new mathematical ideas and purported proofs (Vandoulakis, Stefaneas 2013b). In this paper, we attempt to analyze the communicative functions of mathematical proving styles by appealing to 5RPDQ-DNREVRQ¶VFRPPXQLFation model.

2

The Concept of Proof-Event. Provers, Interpreters,
Communication and Styles of Proof

7KHFRQFHSWRI³SURRI-HYHQW´RU³SURYLQJ´ZDVLQWURGXFHGIRUthe first time by Joseph
Amadee Goguen (1941-2006), in an informal paper in 2001 (Goguen 2001). According to *RJXHQ¶V definition, proof-events are spatio-temporal social events in which
are involved at least two types of agents:
x A prover, which can be a human or a machine or a combination of them (in the
case of hybrid proving), and
x An interpreter, who generally can be a human (or group of humans) or a machine
(or group of machines) or a combination of them.
An agent possesses background knowledge, past learning experience and mastery
of certain practices (Stefaneas, Vandoulakis 2014).
A proof-event starts with the suggestion of a certain problem (defined by certain
conditions) or idea or conjecture or a purported proof that is stated publicly at certain
place and time. Various provers may get involved in the proof-event by undertaking
the task to solve the problem. Thus, a problem actually determines a sequence of
proof-events that unfolds in space and time. The sequence terminates when some
outcome is finally understood, validated and recognized as a proof of the problem
posed by the relevant mathematical community.
An essential feature of a proof-event is the communication between agents, in particular between an agent who acts as a prover and another one enacting the role of
interpreter. The aspect of communication is lacking in the traditional concept of
proof, which focuses on the syntactic characteristics of the completed proof that is
assumed as understandable by a competent mathematician. However, real history of
mathematical proofs demonstrates that mathematicians who act as provers or interpreters may fail to understand each other. A mathematician (a human prover) who
communicates his experience in some stylized encoded form might face a whole spectrum of responses by an interpreter, ranging from rejection or mistrust, to qualified or

full acceptance. $Q LQWHUSUHWHU¶V UHDFWLRQ FDQ EH affected by the fact that he has a
different vision of the mathematical problem, or a different way of thinking, adhere to
different proving strategies, standards of rigor or mathematical practices, or may follow a different kind of logic2. The prover DQGWKHLQWHUSUHWHUDFWXDOO\³H[SORUH´GLIIHrHQW ZRUOGV WKH IRUPHU ³H[SORUHV´ WKH ZRUOG RI WUXWKV ZKHUHDV WKH ODWWHU ³H[SORUHV´
the world of meanings (Vandoulakis 2013). Thus, the communication outcome depends not only on the stylistic shaping of the narrative ³WH[W´ RIWKHSXUSRUWHGSURRI
but also by other factors starting from the principles guiding the prover to select his
code (or blend of codes) for the communication of his experience WLOOWKHLQWHUSUHWHU¶V
guiding principles, values and attitudes.
Thus, proof-events generate proofs articulated in different styles that affect the
communication outcome. In our view, style is a meta-code that determines the selection of a particular code and the combination of blending principles to produce the
narrative (the ³WH[W´) by the prover. Mathematical insights (intentions) can be formulated in different semiotic codes, associated with a multitude of different underlying
semiotic spaces and metaphors3 that can be used to convey information. The act of
choice of a particular mode of signification (semiosis), i.e. the underlying semiotic
VSDFH DOJHEUDLF JHRPHWULF SUREDELOLVWLF Ȝ-calculus, etc.), which might be chosen
has already a stylistic aspect. The style shaped depends on the metaphors used in the
underlying semiotic space and the communicational functions of the codes and metaphors chosen. In other words, style depends on the choice of the blending principles
used to create blend semiotic spaces, i.e. it is determined by
ņ The selection of a particular code, among a multitude of possible alternatives;
ņ The combination of blending principles to produce an integral narrative mathematical structure (proof-event) (Stefaneas, Vandoulakis 2014).
Consequently, the concept of proof-event (and, more generally, sequence of proofevents) comprises not only (purported or completed) proofs, but also
x the history of proving, starting from the statement of a problem, and including
possible blind attempts or failures;
x the choice of the codes in which a (purported) proof is articulated;
x the stylistic features in which proof events are articulated, and
x the communicational outcomes of the interaction between provers and interpreters,

2

See, for instance the cases of Ramanujan vs. Hardy, Lobachevsky vs. Ostrogradsky, Gauss
and Kolmogorov, Brouwer, vs. Korteweg, Kreisel, Kolmogorov and Heyting (Vandoulakis,
Stefaneas 2013b).
3
A semiotic space is an algebraic many-sorted structure ± organized in layers - with an arbitrary number of domains; the sorts play the role of names that signify objects for the different domains. Signs of a certain sort are represented by terms of that sort; they may be whole
words, sentences or paragraphs in natural language, as well as complex entities of arbitrary
nature (figures, graphs, etc.) that are treated as single objects. Signs and semiotic space constitute the code in which mathematical information is encoded by a prover. A semiotic
morphism is a partial mapping from one semiotic space into another. (Goguen 1999, 2003).

i.e. the history of encoding, decoding (interpreting) and re-encoding (translating, reconstructing or reinventing) proofs within another mathematical framework (context,
theory, etc.).

3

Communicative functions of mathematical proving styles

The structure of proofs in mathematics is a particular kind of narrative structure. This
enables us to appeal to the means of semiotic discourse analysis to study proof events
(Stefaneas, Vandoulakis 2014). Moreover, it allows us to use concepts and methods
that were used for first time in the analysis of literary style, particularly Roman JakobVRQ¶VFRPPXQLFDWLRQPRGHO4.

Fig. 1. -DNREVRQ¶VPRGHODQGWKHVL[IXQFWLRQVRIODQJXDJH.

$OWKRXJK-DNREVRQ¶VPRGHOZDVILUVWIRUPXODWHGIRUOLWHUDU\WH[WVLWLVTXLWHJHneral, because it actually concerns any space of communication, which is structured in
terms of six related elements: message, code, context, sender, receiver, and channel.
A sender transmits a message to a receiver through a channel. The message is expressed in a code and refers to a context (contact LQ-DNREVRQ¶VWHUPV ,QFRPPXQLFation, sender and receiver are alternate roles taken on by interlocutors.
Jakobson further defines six functions of language in communication, each corresponding to one element of the model. The functions are not mutually exclusive in a
4

Roman Jakobson was an active member of the school of Russian Formalism and the Prague
School in the early twentieth century. He is often credited with the first coherent formulation
of style, in his famous Closing Statement: Linguistics and Poetics at a conference in 1958
(Jakobson 1960).

communicative act, which means that a particular message can have more than one
communicational outcome. The expressive or emotive function focuses communication on the sender of the message; the conative function, on its receiver; the referential function, on its context; the phatic function, on the channel; the metalinguistic
IXQFWLRQRQWKHPHVVDJH¶VFRGHDQGILQDOO\WKHpoetic function, on the message itself.

Fig. 2. 0RGLILFDWLRQRI-DNREVRQ¶VPRGHOIRUSURRI-events.

This model has been successfully applied in other fields of communication studies.
De Souza, for instance has applied the model to structure the design space of humancomputer interaction by pairing each linguistic function with a function in the space
of the human-computer interaction (De Souza 2005, 66-71). We claim that the same
model and its associated six functions can be used for describing the proof narratives
generated in a proof-event. Prover and interpreter enact alternate roles in the course of
their interaction.
The referential function concerns the information conveyed in a proof-event. This
LQIRUPDWLRQLVUHODWHGZLWKWKHSURYHU¶VXVHRIDQXQGHUO\LQJVHPLRWLFVSDFH WKHFRntext) to deVFULEHPDWKHPDWLFDOREMHFWVRUVWDWHVRIDIIDLUVRUSRVVLEO\³PHQWDOVWDWHV´
(intuitions, insights, intentions). Descriptive statements of the referential function can
consist of terms and statementsVXFKDV³WKHSRLQWA lies on the circle C´
The expressive or emotive IXQFWLRQFRQFHUQVSURYHU¶VGLVSRVLWLRQLWLVDUWLFXODWHG
by expressions, which do not alter the denotative meaning of what is stated. It is traditionally considered that mathematical texts are emotionally neutral; they do not contain statemHQWV H[SUHVVLQJ VKRZLQJ SURYHU¶V DIIHFWLRQV 0RUHRYHU WKH ODFN RI HPotional connotations in mathematical discourse is considered as a standard of neutrality

and objectivity of mathematics. However, one can find such cases, when an agent
expresses an emotional attitude to a purported mathematical proof or idea. For instance, Hilbert opens his famous lecture at the Paris conference of the International
Congress of Mathematicians, on August 8 1900 in the Sorbonne with a rather emotional, inspirational introduction.
WHO of us would not be glad to lift the veil behind which the future lies hidden; to cast
a glance at the next advances of our science and at the secrets of its development during
future centuries? What particular goals will there be toward which the leading mathematical spirits of coming generations will strive? What new methods and new facts in the
wide and rich field of mathematical thought will the new centuries disclose? (Hilbert
1902, 437).

The conative function concerns the interpreter; it conveys a command to him. This
LVDWWDLQHGE\VHQWHQFHVRIWKHNLQG³7KHSURRILVOHIWWRWKHUHDGHU´³7KHUHDGHUFDQ
HDVLO\ SURYH´ HWF ,W LV NQRZQ WKDW %RXUEDNL DYRLGHG LQ WKHLU Eléments to use such
expressions. No proof is left to the reader. Thus, the lack of conative function in a
mathematical text can be considered as a possible index of Bourbakist style of mathematical discourse.
The phatic function is not related with conveyance of information, but it concerns
the channel of communication. In mathematical texts, the phatic function can be observed in phrases expressing opening, maintenance or closing of the communication
FKDQQHO)RULQVWDQFHWKHZRUG³3URRI´ZKLFKLQGLFDWHVWKHRSHQLQJRIDSURRIRUWKH
V\PERO³Ŷ´ZKLFKLQGLFDWHVWKHHQGRIDSURRf. In web-based proof-events, the phatic
function is manifested as involvement in a proof-event through membership via a
specific web site, via the use of comment functionality of a blog (Polymath), etc.
The metalinguistic function conveys information about the code, its meaning and
use. In mathematical texts, this function is observed for instance, when a prover provides explanations of symbols used (e.g. by f we denote the set of natural numbers),
RUDERXW³LGLRPDWLF´DEEUHYLDWLRQV HJWKHZRUG³LII´VLJQLILHV³LIDQGRQO\LI´ 7KLV
function is particularly important in case that the symbolic denotations may not be
easily understandable. The metalinguistic function is also performed when the prover
VSHDNVDERXWWKHSURRIIRULQVWDQFH³WKHSURRILV carried out by induction, by reduction ad absurdum, etc. Historical notes that may accompany a mathematical narrative
text also perform a metalinguistic function.
The poetic function is related with the (aesthetic) pleasure conveyed by mathematical discourse. This is the genuine artistic feature in mathematics. From this point of
view, the information transmitted in a proof-event is viewed not only as an item of
communication; the focus lies on the information conveyed per se, as well as on the
code by which this information is encoded. This generates some feelings that are usually described by such terms as elegance of a proof outcome (formula or a proof or a
theorem). These feelings are related with what is called beauty in mathematics and
many mathematicians have attempted to describe mathematics as a form of art or, at a
least, as a creative activity producing aesthetically assessable outcomes. For instance,
Bertrand Russell (1872±1970) expressed this view as follows:
Mathematics, rightly viewed, possesses not only truth, but supreme beauty ² a beauty
cold and austere, like that of sculpture, without appeal to any part of our weaker nature,

without the gorgeous trappings of painting or music, yet sublimely pure, and capable of
a stern perfection such as only the greatest art can show. The true spirit of delight, the
exaltation, the sense of being more than Man, which is the touchstone of the highest excellence, is to be found in mathematics as surely as poetry. (Russell 1919, 60).

Moreover, Hungarian mathematician Paul (UGĘV XVHGWRVSHDNRI³7KH%RRN´DQ
elusive hypothetical volume, in which God has gathered the most elegant, perfect
proofs of mathematical theorems.
A common example of beautiful results in mathematics is (XOHU¶VIRUPXOD
eix cos x  i sin x .
Richard Phillips Feynman (1918-  FDOOHG WKLV IRUPXOD ³RXU MHZHO´ DQG ³WKH
PRVWUHPDUNDEOHIRUPXODLQPDWKHPDWLFV´ )H\QPDQ-16). Why this formula
is viewed as beautiful? What is its poetic function? There is no unique answer to these
questions. Godfrey Harold Hardy (1877-1947) views the beauty of mathematical theRUHPVLQWKHLU³VHULRXVQHVV´
The beauty of a mathematical theorem depends a great deal on its seriousness, as even in
poetry the beauty of a line may depend to some extent on the significance of the ideas
which it contains. (Hardy 2004 [1940], 17).

%\ ³VHULRXVQHVV´ LV XQGHUVWRRG ³WKH VLJQLILFDQFH RI WKH LGHDV ZKLFK LW FRQWDLQV´
LHWKH³ULFKQHVV´RILQIRUPDWLRQWKDWWKHRXWFRPHRIDSURRI-event (a theorem) contains, the depth RIWKHWKHRUHP,QWKLVVHQVH(XOHU¶VIRUPXODLVXQGRXEWHGO\EHDXWiIXO,WLVYHU\ULFKLQLQIRUPDWLRQ&RQVHTXHQWO\WKHFRQWHQWXDO³ULFKQHVV´ RUGHSWK 
of information of the outcome of a proof-event is a parameter determining its poetic
function.
FurtKHU+DUG\QDPHV³LQHYLWDELOLW\´³XQH[SHFWHGQHVV´DQG³HFRQRP\´DVSDUWLFular criteria by which one can judge mathematical beauty (Hardy 2004 [1940], 29).
However, Gian-Carlo Rota (1932±1999) has shown that surprising theorems are not
necessarily beautiful (Rota 1997, 172). Instead, he suggests that beauty in mathematics can be viewed in theorems that connect two areas of mathematics that were
WKRXJKWWREHXQUHODWHG 5RWD ,QWKLVVHQVH(XOHU¶VIRUPXODLVDJDLQEHDutiful, since it establishes a relationship between the trigonometric functions and the
FRPSOH[H[SRQHQWLDOIXQFWLRQ7KLVLVDOVRFRQQHFWHG ZLWK WKHFRQWHQWXDO ³ULFKQHVV´
(or depth) of information of the outcome of a proof-event. Rota also cites entire mathematical expositions, which might have characterized as beautiful, for instance HilEHUW¶V Zahlbericht :HEHU¶V Algebra )HOOHU¶V Probability, and certain volumes of
%RXUEDNL¶VEléments (Rota 1997, 174).
In general, mathematicians consider an outcome of a proof-event (a theorem) as
³EHDXWLIXO´RU³HOHJDQW´ZKHQWKHSURRILVWUDQVSDUHQWDQGWUDFHDEOH GRHVQRWUHTXLUH
for instance laborious calculations), it is derived from minimum additional assumptions, is based on original insights, is easily generalizable, etc. All these features concern non-formal aspects of the information conveyed during a proof-event, when a
proof is understood and the interrelations of the resulting theorem with other theorems
become evident. Consequently, the poetic function of the outcomes of proof-events is
UHODWHGZLWKWKHFRQWHQWXDO³ULFKQHVV´ RUGHSWK of information of the outcome.
However, as Rota has rightly pointed out, there are

Instances of profound mathematical theories where mathematical beauty plays a very
minor role (Rota 1997, 173).

Failure of some of the above aspects of communication to function properly may
cause difficulty or even lack of communication and understanding. For instance, we
have shown WKDW /REDFKHYVN\¶V VW\OH KDV FDXVHG VHULRXV SUREOHPV RI XQGHUVWDQGLQJ
by his contemporary mathematicians, notably Ostragradsky, who characterized it as
³XQLQWHOOLJLEOH´ (Vandoulakis, Stefaneas, 2013b). Even Gauss had evaluated LobaFKHYVN\¶VVW\OHas a
³-XQJOHWKURXJKZKLFKLWLVGLIILFXOWWRILQGDSDVVDJHDQGSHUVSHFWLYHZLWKRXWILUVWEecominJDFTXDLQWHGZLWKHDFKWUHHDQGFRPSRVHVLW´ (cited in: (Vandoulakis, Stefaneas,
2013b, 133)).

Disregarding eventual personal prejudices, this can be explained by the fact that
the semiotic space (the mathematical objects and states of affairs) to which Lobachevsky and Ostragradsky referred were different; the two agents did not share a common
space of communication.
)DLOXUHRIWKHSRHWLFIXQFWLRQRIFRPPXQLFDWLRQ LQFDVHRI³XJO\´SURRIV FDQDOVR
cause lack of understanding. Mathematicians usually qualify ugliness by some particular aspect of the proof: a proof might be obscure, clumsy, or awkward, etc. All these
FKDUDFWHUL]DWLRQVUHYHDOVRPHNLQGRI³QRLVH´LQFRPPXQLFDWLRQWKDWPLJKWOHDGWRDQ
LQWHUSUHWHU¶V GLVFRPIRUW RU HYHQ PLVWUXVW LQ WKH correctness of the proof. In spite of
beautiful proofs that are scarcely challenged RU PRWLYDWH D ³EHWWHU´ SURRI ³XJO\´
proofs usually VWLPXODWHUHVHDUFKIRUD³PRUHEHDXWLIXO´ ± transparent, simple, etc. ±
proof. This was the case, for instance, of the special case of the density Hales-Jewett
theorem (Hales and Jewett 1963) that Timothy Gowers called within the Polymath
project for an alternative, shorter and less complicated proof, in 2009 (Stefaneas,
Vandoulakis 2012).
Furthermore, style plays a significant role even in the process of proving. This is
because style includes the act of selection of a particular code, among a multitude of
possible alternatives for the formulation (codification) of a proof. In other words,
style is present in the shaping of a purported proof.
In an illustrative scenario of a proof-event concerning the Pythagorean Theorem
(Stefaneas, P., Vandoulakis, I. M., Foundalis H. and Martínez M. 2014), we have
thoroughly shown that the purported proofs suggested by different agents depend on
their style of reasoning, which in turn depends on its background knowledge and
skills. Thus, in this example, the first prover suggests a purported proof formulated in
D³GLDJUDPPDWLF´VW\OHH[SHFWLQJWKDWWKHLQWHUSUHWHUZLOOILQGWKHYLVXDOGHPRnstration as self-evident (conative function). However, the supervisor agent, acting as interpreter, might evaluate the purported proof as insufficient, quasi-general or unconvincing, or that it depends on the language (code) chosen, and ask for a general proof.
Then another (or the same) prover might suggest another purported proof formulated
in a new language, e.g. in geometric or in trigonometric language (style). Still another
prover might have used algebraic language (style) to submit a purported proof requiring exhaustive confirmation by a system of computer agents (to whom the conative
function is hypothetically addressed). Thus, the provers participating in the consid-

ered proof-event strive to convince the participating pool of agents (interpreters) that
the communicated proof establishes a mathematical fact, which is independent of the
language (style) used.

4

Conclusion

Mathematical proof is commonly considered as a universal medium of communication between mathematicians. However, proofs are only the outcomes of proof-events
that take place in space and time and involve particular communities. Proof-events
generate proofs presented in different styles that integrate specific codes and mathematical practices and characterize different individuals or communities. Thus, stylistic
shaping is present from the starting phase of the codification of a purported proof,
affecting the creative process of discovery of a proof. Furthermore, style performs
certain communicative functions that might facilitate or obstruct communication and
understanding of a purported mathematical proof. These functions can be analyzed by
PHDQVRI-DNREVRQ¶VFRPPXQLFDWLRQPRGHO7KHXVHRIWKLVPRGHOHQDEOHVXVWRGLstinguish the poetic function of a proof-event (as communication act), which is associated with aesthetic evaluations of a mathematical proof.
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