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ABSTRACT. In this paper, we study several Diophantine equations, like the
one involved in Last Fermat’s Theorem and Beal’s equation, over the rings
of polynomials and formal power series with coefficients on characteristic
zero unique factorization domains. Moreover, we give general estimates of
their number of polynomial solutions. Moreover, we study (non)extensions
of Fermat’s little theorem and the (non)existence of Wieferich primes over
the univariate formal power series ring with real coefficients.

INTRODUCTION

If x,y, z are three strictly positive integers such that
for some integer strictly positive n, then n < 2. This is the statement of the
so—called Fermat’s Last Theorem (from now on, FLT for short) which, since
its formulation in 1637 by Pierre de Fermat, influenced the research of a big
portion of the mathematical community until Wiles and Taylor provided a full
proof of it [21, 19]. One of the motivations of the present paper is given by
the following:

Question 0.1. Let R be a unique factorization domain, and let u,v,w ele-
ments of R satisfying

u + " =w"
for some positive integer n. Assume that u, v, w are relatively prime elements.
Is it true that n < 2?

Of course, FLT says that the answer is yes provided R = Z. When R = R[¢],
the result is also true as proved by Laeng in [10, Theorem 0.1]. Moreover, also
in [10], it is claimed that the same statement holds when R = R[z1,...,z,];
however, the argument used there, invoking numerical substitution, is not
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clear for us to hold, mainly because, among other issues, once we make nu-
merical substitution, we have no guarantee to preserve the coprimality condi-
tions among the solution tuple we start with.

The first goal of this paper is to show that FLT holds for any polynomial
ring in several variables with coefficients on a unique factorization domain
(from now on, UFD for short) of characteristic zero (see Theorem 1.10). Our
approach is based on a generalization we provide of the so—called Stothers—
Mason theorem! [11, Chapter IV, Theorem 7.1] for polynomial rings with
coefficients on a UFD of characteristic zero (see Theorem 1.8) which follows
so closely the approach developed in [16]. On the other hand, we also plan to
show that, over certain formal power series ring, FLT does not hold, meaning
that Fermat’s equation admits infinitely many solutions.

Also motivated by FLT, the so—called Tijdeman—Zagier’s conjecture [5, page
65] claims that the equation

P 4yl = 2"

has no solutions in integers p,q,r > 3 and relatively prime integers x, vy, z.
As announced in [13], the banker Andrew Beal offers 1 million dollars for
the person who either prove it or can find a counterexample. Because of this
reward, often this conjecture is known as Beal’s conjecture.

Our interest again in this conjecture is concentrated in the following:

Question 0.2. Let R be a unique factorization domain, and let u,v,w ele-
ments of R satisfying

u® + o = w

for some positive integers a, b, c. Assume that u, v, w are relatively prime ele-
ments. Is it true that all the exponents a, b, ¢ are less or equal than 2?

Our second main result (see Proposition 2.1) is that, when R is a polyno-
mial ring with coefficients on an integral domain, then the equation

u 4+ 0¥ = w®

has infinitely many polynomial solutions with arbitrarily large degree. Our

approach is based on an argument given by Barghout in [2], where solutions

of the equation are produced through a certain binomial substitution.
Another classical result is Fermat’s Little Theorem [9, page 67, Theorem

4.3], which says that, for any integer = and for any prime number p,

P71 =1 (mod p).
Un the literature, this theorem is usually called either Mason’s theorem or Mason-Stothers’

theorem. In this paper, we have adopted the terminology Stothers—-Mason’s theorem because, to
the best of our knowledge, the first who proved the theorem was Stothers.
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This statement was generalized by Euler in 1760 [9, page 86, Theorem 5.3],
who proved that, for any positive integer m,

290 =1 (mod m),

where p(m) is Euler’s totient function which counts the number of integers
between 0 and m — 1 that are coprime with m. Both results, Fermat’s Little
Theorem and Euler’s Theorem, have been generalized in [4] for certain rings
(that are not necessarily commutative), the interested reader may like to con-
sult [4, Theorems 3.5 and 3.7] for details. It is also well-known that both
Fermat’s Little Theorem and Euler’s Theorem can be regarded as particular
cases of Lagrange’s Theorem, which says that the order of any element of a
finite group divides the order of that group. Notice that Lagrange’s Theorem
is even known for some group schemes, the interested reader may like to
consult [20] and the references given therein.

The final goal of this paper is to show that Fermat’s Little Theorem is not
true for the formal power series ring R[[z].

Now, we provide a more detailed overview of the contents of this paper for
the convenience of the reader. In Section 1, we prove as main result (see The-
orem 1.10) that FLT holds for any polynomial ring in several variables with
coefficients in any UFD of characteristic zero. The key point in our proof of
this statement is a generalization of Stothers—Mason’s Theorem (see Theorem
1.8) which is interesting in its own right. Also in this section, we provide
examples of commutative rings where FLT fails.

Secondly, in Section 2 we prove as main result (see Theorem 2.1) that we
can produce infinitely many polynomial solutions to Beal’s equation.

Finally, in Section 3 we show (see Theorem 3.3) that Fermat’s little theorem
does not hold over the formal power series ring R[[z]].

1. FERMAT’S LAST THEOREM FOR POLYNOMIAL RINGS IN SEVERAL VARIABLES
OVER SUITABLE COMMUTATIVE RINGS

As explained along the Introduction, the goal of this section is to prove a
polynomial version of Fermat’s Last Theorem (FLT) for a broader collection
of rings of coefficients including Z, fields k of characteristic zero, and rings of
polynomials in several variables with coefficients on these rings. More gener-
ally, our aim is to prove that FLT holds for the ring of polynomials R[z], where
R is a Unique Factorization Domain (UFD) of characteristic zero (i.e., no addi-
tion of m—times the unity of R is zero for all m € Z>1). We include implicitly
fields of characteristic zero as UFD of characteristic zero, fulfilling trivially the
factorization’s condition. Our main methodological line is based on getting a
suitable generalization of N. Snyder’s elementary proof of Stothers-Mason’s
Theorem [16]. We also give the explicit proofs for the results in the polyno-
mial ring in one variable for the sake of completeness in our presentation.
However, this is a well-known result in the literature in the case where the
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ring of coefficients is a field (see for instance [10]). On the other hand, the
polynomial case with more than one variable and with a broader collection of
coefficient rings is not explicitly known in the literature and needs an explicit
and correct proof.

1.1. Some preliminaries. First, we need to state the following basic defini-
tions.

Definition 1.1. Let R be a commutative ring with unity and S = R[xz]. If
f(z) = X", a;x’ € S, we define the formal derivative of f(x), denoted by
D(f) by the formula

D(f) = i iaiiri_la
=0

where if 7 € N, then 7 can be seen as element of R via the multiplicative
unity of R, i.e., i € R is simply the addition of i—times 1 € R. Moreover, the
initial term of the former definition is understood as the formal derivative of a
constant polynomial as is defined as zero, i.e., D(ag) = D(apz") = 0.a92°~! =
0.

It is a straightforward computation to verify that for all f,ge€ S, D(f+g) =
D(f) + D(g), and D(fg) = fD(g) + gD(f).

Let us recall the elementary fact that R is a UFD if and only if so is R[z]
(see, for example, [6, Corollary 8.2]). In particular, the notions of irreducible
and prime coincides. Moreover, the factorization of an element in R or R[x] is
unique up to the order of the summands, and up to associates. In particular,
there are infinitely many units in the ring of consideration if and only if each
prime element has infinitely many associated elements.

Definition 1.2. Let R be a UFD and S = R[xz]. Let f,g € S. By simplicity in
the notation assume that py,...,p, € S is the collection of primes dividing
either f or g. Then, we can write the following expressions for the factoriza-
tions of them, f = u[ [/, p?, and g = v [, p, where some a;, b; can be
zero, and u, v are units in S. Then, we define a greatest common divisor of f
and g, denoted by ged(f, g), as ged(f, g) = [ [~ prin(aibi)

i=1P;
Before going further, we want to review the following classical notion in

the study of polynomials.

Definition 1.3. Let K be a field, let f € K[zy,...,z,] be a non—constant
polynomial, and write
f=11wt
i=1

where m > 1, v; > 1 and the polynomials p,’s are irreducible. Set

m
fred = Hpia
=1
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which is called the squarefree part (or the reduction) of f.

Next result provides useful information about the squarefree part of a poly-
nomial, we refer to [3, pages 186-187, Propositions 9 and 10] for details.
Recall that, given a commutative ring B and given an ideal J c B, the radical
of J is defined as

VJ:={be B| b" € J for some n € Ny}.

Proposition 1.4. Let K be a field, let f € K[z1,...,xz,] be a non—constant
polynomial. Then, the following assertions hold.

(1) We have \/(f) = (frea)- In other words, the squarefree part of f is nothing
but a choice of a generator of the radical of the ideal generated by f.
(i) If, in addition, Q < K, then we have

fred = f

2 of \
ged (f,%,...,;ﬁ)

In this way, in the next definition we extend the notion of the squarefree
part of a polynomial to polynomial rings with coefficients in unique factoriza-
tion domains. The definition looks as follows.

Definition 1.5. Let R be a UFD and S = R[z], and let f € S. Suppose that
[ =ulli_, p;, for some irreducible polynomials, py, . .., p,, natural numbers
e; = 1, and some unit u € S. Then, we define a squarefree part of f, denoted
by fred: as fred = H:L:1 Di-

Remark 1.6. Note that the notions of greatest common divisor and squarefree
part are well-defined and are unique up to associates. In particular, in the
context of S = R[z], the degree of a greatest common divisor (gcd) and
a squarefree part are well-defined, since the units of S are the units of R,
so they are degree zero polynomials in S. Moreover, properties involving
gcd-s and squarefree parts, like, for example, divisibility with other special
elements of S are well-defined since these notions depends essentially on the
unique factorization of S. In this sense we should understand the following
statements where concepts like deg((f, g)) appears. In other words, the reader
can imagine any fixed gcd for following the deductions and computations.
Additionally, to say that the gcd of a pair of numbers is 1 means, doing a little
abuse in our notation, that the gcd is a unit, i.e., the corresponding numbers
are coprime.

Next result can be regarded as a mild generalization of [3, page 187, Propo-
sition 12].

Lemma 1.7. Let R be a UFD and S = R[z], and let f € S\{0}. Then,

(o) |
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Proof. Firstly, if f is a unit, then our claim is trivial since all the elements
involved in our divisibility relation are units. Secondly, let f = w[]!", p{’,
for different primes py, ..., p,, natural numbers e; > 1, and some unit v €
S. Then, frea = [];_,pi- So, for each i, we can write f = pi'g;, where
ged(ps, gi) = 1, for some g; € S. Thus, by the definition of formal derivative it
holds

D(f) = D) gi + S D(g;) = eips " D(pi)gi + 5 D(gs)
= p" Ne:D(pi)gi + piD(g:)).

So, ged(f, D(f)) = uH?lefi, where e¢; — 1 < d; < e¢;, for all . Thus, for
each i, the power of p; in the element f/gcd(f, D(f)) is either zero or one.
In conclusion, it means, by the definition of f,cq, that f/ged(f, D(f)) divides
fred, as claimed. O

Now, we will prove a slightly more general version of Stothers—-Mason’s
theorem [11, Chapter IV, Theorem 7.1], the key component of our subsequent
extension of FLT. The interested reader on the original statements may like
to consult [18] and [12, Corollary of page 156] for further information. The
proof we present here is greatly inspired by [10, Proof of Mason’s Lemma].

Theorem 1.8 (Generalization of Stothers—Mason’s Theorem). Let R be a UFD
and S = R[z], and let f, g, h € S\{0}, be (pairwise) coprime elements such that
f + g = h. Then, either D(f) = D(g) = D(h) =0, or

(1.1 max{deg(f), deg(g)a deg(h)} < deg((fgh)red> -1
Proof. By assumption, we have the following identities:
f+g=nh
D(f) + D(g) = D(h).

Multiplying this system of equations by D(g) and g respectively we obtain the
system

fD(g) + gD(g) = hD(g)
gD(f) +gD(g) = gD(h).

Now, starting from the top, subtracting the second equation to the first one
we end up with the equality

fD(g) — gD(f) = hD(g) — gD(h).

From this equation, we deduce that the (pairwise) coprime elements ged(f, D(f)),
ged(g, D(g)) and ged(h, D(h)) divides simultaneously fD(g) — gD(f). So,

(1.2) ged(f, D(f)) ged(g, D(g)) ged(h, D(R)) | (fD(g) — gD(f)).
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Now, at this point and before doing a degree analysis, let us look ar the
term fD(g) — gD(f). Explicitly, assume for a moment that fD(g) — gD(f) =
0. Then, f|D(f), g|D(g) and, subsequently, h|D(h), since gcd(f,g9) = 1,
ged(g, h) = 1, respectively. Thus, it implies necessarily that D(f) = D(g) =
D(h) = 0, which is the first possibility of our theorem.

So, assume that fD(g) — gD(f) # 0. So, we can genuinely say compare
the degrees of the elements in (1.2). Then, using the degree inequalities from
Lemma 1.7 and (1.2), and elementary degree estimates we get

deg(f) + deg(g) + deg(h) — deg(frea) — deg(grea)) — deg(firea) <
< deg(f) + deg(g) — 1.
Rearranging and using the coprimality of the three elements, we get

deg(h) < deg(frea) + deg(grea) + deg(hred) — 1 = deg((fgh)rea) — 1.

Finally, we can repeat exactly the former arguments with the equations f =
h+ (—g)and g = h + (—f), to obtain the last inequality replacing deg(h) by
deg(f) and deg(g), respectively.

In conclusion, since the right-side term remains the same we obtain

max{deg(f), deg(g), deg(h)} < deg((fgh)rea) — 1.
This finishes our proof. O

In our former setting, assume that there exists f,g,h € S, and a natural
exponent n > 3 such that f” + g™ = h"™. Since our equation is homogeneous
of degree n, we can factor out a greatest common divisor of f, g and & to
obtain a new similar equation with a triple f’, ¢’, ' € S of (pairwise) coprime
elements. So, if after factoring out the gcd we obtain genuine non-constant
coprime polynomials, then we consider these type of genuine solutions. Even
more, in our setting the collection of non-interesting or trivial solutions is a
little bit broader that in the classic case of the integers. Explicitly, for us not
only solutions when one of the polynomials vanishes, or the three polynomials
are constants are trivial, but also solutions where the three polynomials are
essentially the same (i.e. equal up to units) are trivial as well. For example,
assume that R = C, then we can construct a special collection of domain-
specific non-interesting solutions of the form,

£ = (2
where f is any non-zero (non-constant) polynomial in C[z], n € Zs, and /2
can be any complex n—th root of 2. In conclusion, if there exist non-trivial
interesting solutions of the Fermat equation, then coprime (non-constant) in-
teresting solution must exist as well.
So, our next theorem states that in our former collection of coefficient rings

there are only trivial solutions to Fermat’s equation. The following statement
can be regarded as the main result of this section.
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Theorem 1.9 (FLT for Polynomial Rings in one variable over a UFD of Char-
acteristic Zero). Let R be a UFD of characteristic zero and S = R[z]. Assume
that there exist (pairwise) coprime polynomials f,g,h € S\{0} and a natural
number n > 3, such that

Then, f,g and h are constant polynomials.

Proof. Stothers-Mason’s theorem 1.8 tells us that either D(f) = D(g) =
D(h) = 0, which implies in our characteristic zero setting that f,g,h € R,
i.e., our elements are constant polynomials, as desired. So, to finish our proof
is it enough to show that the second possible case of Stothers—Mason’s theo-
rem 1.8 leads to a contradiction, i.e.,

(1.3) max{deg(f"),deg(g"), deg(h™)} < deg((f"g"h" )rea) — 1.

Effectively, in the following chain of inequalities we use the facts that, by
definition, the squarefree part of an element coincides with the squarefree
part of any power of it, and the fact that the maximum of a finite collection of
numbers is always greater of equal than their average, and n > 3. Thus, we
have

deg(f) + deg(g) + deg(h) < (n/3)(deg(f) + deg(g) + deg(h))

= (deg(f") + deg(g") + deg(h™))/3 < max{deg(f"),deg(g"), deg(h")}
< deg((f"g"h" )rea) — 1 = deg((fgh)rea) — 1

= deg(frea) + deg(grea) + deg(hrea) — 1 < deg(f) + deg(g) + deg(h) — 1,

which is a contradiction. O

Theorem 1.10 (FLT for Polynomial Rings in several variables). Let R be a
UFD of characteristic zero and T = R[x1,...,Zm], with m > 1. Assume that
there exist (pairwise) coprime polynomials f, g, h € T\{0} and a natural number
n > 3, such that

fn + gTL — h/TL.
Then, f,g and h are constant polynomials.

Proof. Assume by the sake of contradiction that at least one of the polynomials
is not constant, let’s say f € T (the other cases are solved exactly in the same
manner). After permutation of the variables we can assume that f is non-
constant in the variable z,,. So, if R’ = R[z1,...,2m-1], then f € R'[x,,] is
not constant. Note that R’ is again a UFD of characteristic zero. Moreover,
since both T >~ R'[x,,] possess the same factorization’s structure, then f, g and
h as elements of R'[x,,] are (pairwise) coprime as well. Thus, by Theorem
1.9 f,g and h are constant polynomials of R'[x,,], which is an absurd, since
f is not a constant element of R'[z,,]. O
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Remark 1.11. The proof of Theorem 1.10 is a natural and rigorous manner of
generalizing FLT for polynomial rings in several variables. On the other hand,
informal guidelines of doing such a generalization simply by substitute numer-
ical values for all the values, except one, and obtain one-variable solution that
would contradict theorem 1.9 [10, pag. 2], are so straightforward and simple
if one takes a closer look at it. In fact, this approach can be too informal
and vague. Explicitly, when one evaluates some of the variables of a fictive
non-trivial solution to Fermat’s polynomial equation, one needs to guaran-
tee that the resulting polynomials in one variable are non-zero elements, and
pairwise coprime. Nonetheless, by evaluating one can immediately lose, on
the one hand, the arithmetic relation between the original polynomials (e.g.,
being pairwise coprime), and, on the other hand, they can vanish formally.
For instance, set f = xy®> — yz and g = zx — 1 in R[z,vy, z]. Then, doing the
replacements y = z = 1 we vanish f. And, doing formal replacements for
other variables (as a natural alternative), like, for example, y = z = z we
would obtain f = z?(2? — 1) and g = 2% — 1, which are not coprime. So,
as far as the authors can see there is no elementary universal process of sub-
stitution preserving all the former properties from an hypothetical arbitrary
counterexample of FLT in several variables.

Remark 1.12. The whole statement of theorem 1.10 is true even in the special
case that FLT holds over the coefficient ring. However, the conclusion is not
so useful in this case. So, let us rewrite a more explicit and enlightening form
of theorem 1.10 taking into account this additional feature.

Definition 1.13. Let D be commutative ring with unity (or a UFD), then we
say that FLT holds in D if for all natural number n > 3 there exist no triple
(a,b,¢) € D3\{(0,0,0)} of (pairwise coprime) elements such that a” +b" = c".

Note that in the setting of UFD’s we can omit the condition of coprimal-
ity in Definition 1.13 to obtain exactly the same notion. Explicitly, for any
counterexample triple we could either multiply by or cancel out a common
(non-invertible) factor in the corresponding Fermat’s equation to obtain ei-
ther a coprime or a non-coprime counterexample triple.

Theorem 1.14. Let D be a UFD fulfilling FLT. Set T = D[z1,..., 2], with
m > 1. Then, FLT holds in the UFD T.

Proof. Tt follows of Theorem 1.10, since a counterexample triple for FLT in T3
would immediately lead to a counterexample triple for FLT in D3. O

1.2. The Wide Nature of Counterexamples of Fermat’s Last theorem for
Several Collections of Commutative Rings with Unity. Here, we study in
some detail the nature of counterexamples of FLT for several kinds of com-
mutative rings with unity and varying also the characteristic of the algebraic
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structures in consideration. Let us start with a standard source of counterex-
amples for FLT.

Firstly, if we are considering a positive characteristic (p > 0) UFD D, then
there are infinitely many exponents n € N, such that Fermat’s equation has
lots of non-trivial solutions. In fact, for exponents of the form p™, for any
m > 1, we have that for each pair of arbitrary polynomials f,g € D[z], the
special arithmetic of D allows us to get equalities of the form

m

(f+gP" =" +¢",

which provides a canonical source of solutions of Fermat’s equation, or, equiv-
alently, of counterexamples of FLT in this particular setting.

Secondly, a simple source of natural counterexamples, sometimes consid-
ered as ‘trivial’ (non-interesting) solutions of Fermat’s equation is given when
our commutative ring in consideration R contains an algebraically closed field
F. In this case, for any n > 2 and any arbitrary a,b € F, we can generate in
a systematic manner infinitely many counterexamples to FLT in the following
way

(1.4) a” +b" = (Yan + bn)".

Note that (1.4) always has solutions due to the fact that F' is algebraically
closed.

Thirdly, a far more interesting source for counterexamples of FLT in charac-
teristic zero emerges when we considered algebraic structures with an inter-
esting arithmetic and, ideally, as similar as possible as the one of the integers.

A very natural candidate will be a structure of formal series over a coeffi-
cient ring very similar to Z, but perhaps with some more units. So, it turns
out that in this case we can find highly more interesting solutions to Fermat’s
equation as the following proposition will show.

Proposition 1.15. Let n € Ny, let Z,) be the localization of Z in the mul-
tiplicative system form by the powers of n, and R = Z,)[[x]. Then, there are
(uncountable) infinitely many (non-trivial) non-constant and non-invertible so-
lutions to Fermat’s equation

(1.5) a +b" =",
fora,b,ce R.
Proof. First of all, let us review some basic properties about the arithmetic of

R.
Let us use the following generic notation for elements of R: h = >, | h;a'.
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From the multinomial theorem [17, page 28] we have

From here, we obtain the corresponding extended formula with infinitely
many summands inside the exponent

(37) = 2 (ehu)iLe

0<k;j<n
Z;C:o kj=n
where due to the conditions of the {k;} ey, only a finite number of them are
different from zero.
Subsequently, applying the former formula in our context of formal power
series, we obtain, as in [7, page 763],

= (Z hﬂc’) = 2 hf;n) ¢

120 120

where

Let us determine the largest j € N such that some power of h; appears
as summand of this coefficient. Clearly, the largest j € N that can appear
in the equation g = Z;io Jjk;, with the corresponding k; # 0.is j = g. In
fact, the only possible combination of k;-s fulfilling k, # 0 and ¢g = 220:0 Jk;
is ko = n — 1 and k, = 1. So, the summand containing a factor h; with the
largest possible j and fixed degree g is j = g, and the corresponding summand
is exactly nh{~'h,. Thus, all the other summands of the coefficient of 29 fulfill
that the k; # 0, satisfy simultaneously the condition j < g, and this implies
that the corresponding h; appearing as factor of it possess a j strictly smaller
that g. So, we can rewrite this coefficient in the following manner

nhy 'hg+ ) <k0 >Hh

{kjto<i<g—1
0<k;<n

292 1k: =n
fo(lﬂkj =9
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Moreover, from the last discussion we can deduce as well that among the
coefficients of the power of « in h”, the first time that h, appears is exactly as
coefficient of «9.

With these elementary preliminaries, let us prove our proposition by induc-
tion on j € N, solving recursively the coefficients a;, b; and ¢;.

Effectively. let us start with the initial case j = 0. In this case, we need to
solve the equation

(1.6) ay +bg = cf,

for ap, bo7 Co € Z(n)
Translating the last equation in the context of Z and multiplying by a suit-
able power of n, being, in fact, a multiple of n, we can rewrite it as follows

1.7) (n®ag)" + (n%by)" = (ncp)",

for some ey, eg, €3, ag, by.c, € N. On the other hand, (1.7) has non-trivial solu-
tion only when n = 2, see for instance [14].

For n = 3, Fermat’s Last Theorem says that (1.7) has only trivial solution
with at least one of the summands equal to zero, which implies that either
ag, bg or cg equals zero. Then, let us assume, by simplicity, that by = 0. In this
case, let us choose an arbitrary unit of Z,, as the value of a¢ and ¢, (even for
the case n = 2). In this manner we find suitable elements for the coefficient
of z° in Fermat’s equation.

Let us assume by a complete induction’s hypothesis that all the coefficients
a;,bj,c; € Z,, fulfilling the corresponding equations of coefficients of ad
Fermat’s equation for all j < g.

So, let us determine a, by, ¢y € Zy,).

Using the generic coefficient’s formula of 29 discussed before we see that
Fermat’s equation for the coefficients of x9 gives the equation

neg e+ Y (ko,...n )(‘HC?)—

{kj}o<j<g—1
—1
Z?:o kj=n

1.
Z?:o Jjkj=g

g—1
n—1 n kj
i 2 (k‘m . .,kgl>q._1 RN

{kj}o<j<g—1
Oékj <n

—1
Z§=O kj =N
3975 iki=g
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g—1
n— n k;
nby by + ) (k . 1) (] T¥5")-
{kjto<j<g—1 Oreeeorg— j
Oék:]gn

920 kj=n
Zf;é Jjkj=g

Thus, since exactly in this equation appears for the first time the coefficients
ag,by and ¢, and ¢y # 0, we can choose arbitrary values for a, and b, in Z ),
and since ncg*1 is a unit in Z,), we can solve the last equation for ¢, in a
suitable manner in Z,,.

So, by induction, we can find suitable coefficients for a,b and c¢ such that
they fulfill (1.5). Finally, due to the freedom in the countable infinitely many
coefficients of a and b for j > 0, we can generate (uncountable) many so-
lutions of Fermat’s equation in R. Note, that since by = 0, b is not a unit of
R. In conclusion, we can generate (uncountable) infinitely non-trivial solu-
tions with one of the summands non-invertible, and multiplying each of such
solutions by z", we obtain uncountable many non-invertible non-constant so-
lutions. O

As an immediate consequence we have the following theorem obtaining
uncountable many solutions to Fermat’s equation for all n € N5, in a global
coefficient containing all the possible inverses of the (fixed) powers of the
equation.

Theorem 1.16. Let D = Q[z]. Then, for all n € N there are (uncountable)
infinitely many (non-trivial) non-constant solutions to Fermat’s equation

(1.8) a® +b" = c",
for a,b,c € D, where at least one (or all) the terms a, b, and c is not a unit in D.

Proof. This is an immediate consequence of Proposition 1.15, since Q contains
all the localizations Z,, and therefore all the (uncountable many) solutions
given in Proposition 1.15 lie as well in D, and the corresponding summands
without independent terms remain also non-invertible in D. O

Remark 1.17. As the reader can easily see, Theorem 1.16 provides uncount-
able many non-trivial non-constant non-invertible solutions to Fermat’s equa-
tion in a formal power series ring of characteristic zero.

Following the guidelines of the proof of Proposition 1.15, we can prove
immediately the next more general result.

Proposition 1.18. Let n € N, let D be a commutative ring with unity such that
nlp € D is a unit (notice that this condition is equivalent to say that Z,, < D),
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and set R = D[[x]]. Then, there are (uncountable) infinitely many (non-trivial)
non-constant and non-invertible solutions to Fermat’s equation

(19) a” + b = Cn,
fora,b,ce R.

2. BEAL’S EQUATION AND RELATED DIOPHANTINE EQUATIONS IN POLYNOMIAL
RINGS OVER AN INTEGRAL DOMAIN

In this section, we study the famous Beal’s equation in the context of ring
of polynomials (or formal power series) in several variables over an integral
domain R. Beal’s equation appears in the context of Beal-Tijdeman—Zagier’s
conjecture, which generalizes Fermat’s Last Theorem, i.e., the equation

2.1 A® 4+ BY =C*

with positive integers A, B,C,z,y,z and z,y,z > 2 can only be fulfilled if
ged(A, B,C) > 1 (see either [13] or [5, page 65]). It remains still an open
conjecture and there is a reward of 1 million dollars for the person who either
prove it or can find a counterexample.

The goal of this section is to study (2.1) regarding initial estimates of its
number of solutions over R[z1,...,x,] as well as R[x1,...,z,]. For the
sake of simplicity let us unify notation as follows. By R(x]) we will always
denote either R[z1,...,z,] or R[[z1,...,z,]|, in a consistent manner clear
from the context. We simply do this because some results below will be
true in both situations and the proofs of both cases will be methodological
copies of one another. Note that, although the arithmetic of R[z1,...,z,]
and R[x1,...,z,] are qualitatively different, sometimes it is useful to see
R[z1,...,x,] contained in R[x1,...,z,], as we shall see in the next results.
For the definition of a monomial ordering on a polynomial ring, the reader is
referred to [8, page 10, Definition 2.1]. Moreover, in the next proposition we
write x = (z1,...,Z,).

Proposition 2.1. Let R be an integral domain, W := R[x], and T := R[x].
So, W < T. Then, the exponential Diophantine equation

(2.2) Al 4 B =7,
where A, B,C € R(x]), and d,e, f € N with d,e, f > 2; has infinitely many
solutions for arbitrarily large d, e, f. Moreover, the following statements hold.

(i) Fixing a global monomial ordering, there are polynomials A, B, C of arbi-
trarily large degree that satisfies (2.2).

(ii) Fixing a local monomial ordering, there are formal power series A, B, C of
arbitrarily large order that satisfies (2.2).

Proof. We take initial inspiration from the work by Kamal Barghout [2]. How-
ever, we present our calculations in a more compact and direct manner. Let



ON FERMAT AND BEAL’S EQUATIONS ON SOME RINGS 15

U, X,Y be symbolic variables ranging over elements in 7, and [, n € N. Then,
it is a straightforward to verify that

(2.3) ((Ul + YI)XZ)" = (UX)"’Z + ((Ul + Yl)” _ U”l)an.

Notice that (2.3) can be regarded as an element of T[X,Y,U]. Now, we
consider the following T-algebra homomorphism:

T[X,Y, U] — T[Y, U]
X— U +YH U Y Y, U— U.

Now, setting X := (U' + Y)® — U™, and substituting in (2.3), we obtain
2.4
((Ul-l-yl)((Ul-l-Yl)n—Unl)l)n _ (U((Ul+Yl)n_Unl))nl+((Ul+yl)n_Unl)nl+1.

Note that, in (2.4), on the one hand we can replace U and Y by any element
of W and, on the other hand, we can replace | and n by any natural number
and it remains true, since R (subsequently 7) is a commutative ring with
unity.

So, fixing a monomial order in the variables z1,...,x,, it is straightfor-
ward to verify that for any arbitrarily large choice of [, n € N, we can choose
polynomials u,y € W of arbitrarily large degree such that the three polyno-
mial terms of (2.4) have arbitrarily large degrees, e.g., choosing y € W with
an arbitrarily large and relatively bigger degree than the one of u.

On the other hand, notice that (2.4) can be regarded as a particular form
of (2.2), with the following choices:

A= U +YHY(U +YH —U™)!, B:= (-)"U(U" + Y —U™),
C:=U' +YYHYy"—U™ d:=n, e:=nl, f:=nl+ 1.
In conclusion, since we have enough freedom for the choices of [ and n, and
for the triples (d = n,e = nl, f = nl + 1) to be arbitrarily large, and (2.4)
is a particular form of (2.2), we see that (2.2) has infinitely many solutions

for arbitrarily large d, e, f and with polynomials A, B, C € R(x]) of arbitrarily
large degree. U

We plan now to exhibit an explicit example of the construction used along
the proof of Proposition 2.1, the unjustified calculations were carried out with
Macaulay?2.

Example 2.2. Following the notation used in Proposition 2.1, here R = Q
and W = R[z,y]. Choosing U = z and Y = y, we have, setting n := 2 and
l:= 3, that

A= 82120 4+ 2029y 4+ 1825y 4 Tady'® + v B = 22My3 + 2y,
C =22y +/°
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is a solution of the equation A2 = B® + C7. Notice that, in this particular
example, A, B and C are homogeneous polynomials of total degree 21, 7 and
6 respectively. On the other hand, it is also clear that polynomials A, B and C
are far from being irreducible. Indeed, we have that

V(A =V(y) uV(z+y) uV(z? —ay+y?) v V(22> +57),
V(B) =V(z)uV(y) vV (2’ +y°), V(C) = V(y) v V(22® +y°),
where as usual, given w € W, V(w) denotes the Zariski closed set given by

the prime ideals of W containing w. Finally, notice that the kernel of the
(Q-algebra map

QX,Y, U] —Q[Y, U]
X— U +YHYy"—U" Y —Y, U—U.

is the ideal generated by Y° + 2Y3U?3 — X.
Let us focus now on the formal power series case. In this case, choosing

€z Y
U=—,Y=—""—
1—2’ 11—y’
we obtain formal power series A, B, C (that of course can also be regarded
as rational functions, that is, elements of Q[z, 3], ) with the following prop-

erties:
(i) A is arational function whose numerator is a polynomial of total degree

33.
(ii) B is a rational function whose numerator is precisely

=325 + 62%y° + 32%y° — 62ty* — 32%¢° + 22ty + a9C.

In this way, B can be regarded as formal power series with total order at
least 7 because of the term zy® appearing in the support of its numerator.
(iii) C is a rational function whose numerator is precisely

32398 — 62315 — 32%y8 + 623yt + 3xy® — 22393 — oS,
In this way, C can be regarded as formal power series with total order at

least 6 because of the term y° appearing in the support of its numerator.

An special corollary of the proof of Proposition 2.1 will be a rough estimate
of the cardinality of the polynomial solutions of the polynomial equation A™ —
B™ = C™*! which describes when the differences of polynomials n—powers
can give (n+1)—powers. For more information about this example the reader
may consult our simple code in Macaulay 2.2

2https:/ /github.com/DAJGomezRamirez/BealsAlgorithm/blob/main/ExampleOfBealsConstruction
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Proposition 2.3. Let R be an integral domain. Then, the exponential Diophan-
tine equation

(2.5) A" — B = Ot

where A, B, C € R(x]), and n € N with n > 0; has infinitely many solutions for
each n and with polynomials A, B,C € R(x]) of arbitrarily large degree (fixing
a monomial order).

Proof Setting I = 1 in (2.4) and rearranging we obtain
2.6) (U+Y)(U+Y)"-UN"—~(U(U+Y)"~U™)"™ = (U+Y)"—U™)"*1.

In conclusion, since (2.6) is an special flexible form of (2.5), we can verify
directly, as in the proof of Proposition 2.1, that (2.5) has infinitely many so-
lutions for each n and with polynomials A, B, C' € R(x]) of arbitrarily large
degree. O

3. FERMAT’S LITTLE (NON) THEOREM AND WIEFERICH’S CONJECTURE FOR
THE RING OF FORMAL POWER SERIES OVER THE REAL NUMBERS

Motivated by [4, Theorem 3.5], where a generalization of Fermat’s Little
Theorem is proved for certain rings, the goal of this section is to explore the
(non-)validity of Fermat’s little theorem [9, page 67, Theorem 4.3] in a very
natural setting where we can obtain a natural generalization for the notion of
exponential function at least for constant series. Even more, inspired by the
elementary theory of power series with real coefficients [15], a natural ring
to define partially the exponential function is the ring of formal power series
in one variable over the reals R[[z].

Definition 3.1. Let S = R[z] and fix a € S. Then, we formally define the
exponentiation of a to z (or any polynomial in z) as follows.

a® = 2 (lncf)nx”.

n=0 n

One can straightforwardly verify that all the standard properties of formal
exponents are immediately derived from the classic power series versions.

With the former definition in mind let us review the (non)plausibility of
Fermat’s little theorem:

Question 3.2. For any prime (formal power series) p € R[[«]] and any (real)
element a € R, is it true that a?~! =1 (mod p)?

Next statement is the main result of this section.

Theorem 3.3. Fermat’s little theorem does not hold in R[[z]].
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Proof. First of all, we note that since R[[z] is a discrete valuation ring with
essentially (up to units) a unique prime element x, generating the only max-
imal ideal. So, our question needs to be answered only in this case. Now, by
definition we have

227 — ko + ki + koz? 4+ ..,

for some real coefficients k;, with ¢ € N, and

ko = Z (*me — 91 _ 1

= m! 2
Thus, 2°71 —1 = =% + cjz + co2? + - -+ is a unit in R[[z]. Then, 2271 #£ 1
(mod z), which implies that 2% £ 2 (mod z). O

Remark 3.4. The fact that 2* # 2 (mod z) also implies that in R[[z] there
are no Wieferich primes at all. Remember that an odd prime number is a
Wieferich prime p if it fulfills a slightly stronger condition than the one in-
volved in Fermat’s little theorem, i.e., 2°~! = 1 (mod p?). The interested
reader on Wieferich primes may like to consult [1] and the references given
therein for additional information.
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